A REAL K3 AUTOMORPHISM WITH MOST OF ITS ENTROPY IN THE REAL
PART

ETHAN COHEN

ABSTRACT. This article describes the first example of a real K3 surface X admitting a real automor-
phism f satisfying hiop(f, X(C)) < 2htop(f, X(R)). The example presented is a (2,2,2)-surface in
P! x P! x P! defined by the vanishing set of (1+x2)(1+ y2)(1 + 22) + 10xyz — 2, first described by Mc-
Mullen. Along the way, we develop an ad hoc shadowing lemma for C? (real) surface diffeomorphisms,
and apply it to estimate the location of a periodic point in X (R). This result uses the GNU MPFR
arbitrary precision arithmetic library in C and the Flipper computer program.
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1. INTRODUCTION

Let X be a K3 surface equipped with a real structure, and let f : X — X be a real automorphism
of X that is, a holomorphic diffeomorphism which commutes with the given antiholomorphic involu-
tion o of X. The fixed point set of o, denoted X (R), is either empty or a (possibly disconnected)
compact, real-analytic, totally real submanifold with real dimension two. Trivially, s, (f, X(R)) <
hiop(f, X(C)). However, in his ICM survey ([4]), Cantat noted that there were no known examples for
which hyop(f, X (C)) < 2h40p(f, X (R)). The purpose of this paper is to provide such an example.

Before beginning, we recall a few related facts. Cantat proved in [2] that if Y is a connected compact
complex surface equipped with an automorphism f of positive topological entropy, then Y is Kahler and
one of the following holds:

(1) either Y is a non-minimal rational surface;
(2) orY is a K3 surface, a complex torus, or an Enriques surface;
(3) or there exists a surface Y from case (2) and a holomorphic birational map 7 : ¥ — Y such
that f == mo fon!is an automorphism of Y.
Given a surface Y with a real structure and a real automorphism f with positive entropy, we let

p(f) = % denote the ratio of the real and complex entropies.

In case (3), the surface Y is obtained as a finite sequence of blow-ups along periodic orbits of f.
Since the entropy of an automorphism of a Kahler manifold is determined by the spectral radius of its
action on cohomology (see the Gromov-Yomdin theorem [9], [T0], [23]), htop(f; Y (C)) = hiop(f, Y (CT)).
Moreover, even if some of the blow-ups are along an orbit in the real part, one can show hy,(f, Y (R)) =
hiop(f, Y (R)). Therefore, it’s enough to focus on cases (1) and (2).

In the case that Y is a rational surface, Diller-Kim produced a family of examples for which p(f) =1
([6], Theorem A). They also provided examples for which 3 < p(f) < 1 ([6], Theorem B). To my
knowledge, in the rational case, no examples are known for which p(f) = 0.

For K3 surfaces, it remains open whether p(f) = 1 or p(f) = 0 can occur. On one hand, Moncet
proved that for any e > 0, there exists a K3 surface admitting a real automorphism f with p(f) < e
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FIGURE 1. X79(R), plotted in Mathematica

([18], Theorem 5.7). He also showed that if Y is a complex torus, then any real automorphism f of
Y with positive entropy satisfies p(f) = % ([I8], Proposition 4.4). The same holds when (Y, f) is a
so-called Kummer example in the sense of [5]. For instance, a K3 Kummer example (Y, f) is obtained
by taking Y to be the minimal regular model of the quotient of the standard complex torus C2/A by
(z,y) — (—z, —y), and taking f to be induced by a real hyperbolic automorphism of the torus.

Generally, a few strategies for bounding p(f) from below have emerged. While complex entropy can
usually be computed explicitly using the Gromov-Yomdin theorem, the challenge becomes providing a
lower bound on the real entropy. In [6], Diller-Kim bound the real entropy by understanding how f acts
on the homology of the real part. In forthcoming work, Kim provides sharper lower bounds on p(f)
for some automorphisms by analyzing homotopy growth rates. Alternatively, Moncet proved that p(f)
is bounded below by an intrinsic property of the surface Y called its “concordance” ([I8]). However,
concordance is generally tricky to calculate. In the present work, we bound real entropy by computing
the stretch factor of the mapping class of f, acting on the real surface with punctures along a real periodic
orbit.

1.1. Setup and Main Theorem. Given nonzero A € R, consider
qa(z,y, 2) = 14+ 231 +y?) (1 + 2%) + Azyz — 2.

Taking ([zo : «],[yo : v],[20 : 2]) to be homogeneous coordinates for (P')2, one has qa(z,y,z) =
ga([1: x],[1: y],[1: 2]) for a tri-homogeneous polynomial 4. Let X4 C (P')3 denote the smooth real
projective variety defined by the vanishing set of ¢a.

Each X4 is an example of a so-called (2,2,2) surface in P! x P! x P!, since ¢ has degree two in each
variable. Smooth surfaces in P! x P! x P! of tridegree (2,2,2) have been studied in several contexts
including by Mazur ([I5]) and Wang ([22]). One can check that every (2,2, 2) surface S is K3. Indeed, a
computation using the adjunction formula reveals the canonical bundle of S to be trivial. Moreover, the
Lefschetz hyperplane theorem implies b1(S) = 0. It follows that S is a K3 surface. The specific class of
examples of the form X 4 were considered by McMullen in [17].

There are three natural involutions of any (2,2,2)-surface which we recall here. Let m; : (P1)3 — P!
denote projection to the ith coordinate. For i # j, the map m;; == (m;,m;) : (P*)? — (P!)? restricted
to X4 has fibers generically containing exactly two points and otherwise containing one point or a
rational curve. We define o,’;‘ to be the involution of X4 which preserves each fiber of m;; (i,5 # k)
and swaps elements of a generic fiber. Since any birational self-map of a K3 surface extends to an
automorphism, a,? is an automorphism. The three involutions o; on any (2, 2,2)-surface generate a free
product Z/27Z * Z/2Z x Z./2Z in Aut(X) (see [22]).
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For each nonzero A € R, we consider the automorphism of X4 given by
fa=of oof oot
In Section [2 we prove that hyop(fa, Xa(C)) is positive and independent of A.

Remark 1.1. In [I8], Moncet uses the continuity of topological entropy to prove that
1 Aoy (fa, Xa(R)) = 0.

He applies a theorem of Cantat from [2] to obtain that h.ep(fa, X4 (C)) is positive and independent of A,
implying lima—0 p(fa) = 0. Our computation of hiop(fa, X4(C)) differs from Moncet’s; he assumes that
the fibers of 7;; do not contain any rational curves, which is not the case. Regardless, hiop(fa, Xa(C))
remains positive and independent of A, so Moncet’s conclusion holds.

Remark 1.2. Tt should be noted that the family of examples {X 4} is non-generic within all (2,2, 2)-
surfaces. Cantat proves in [2] that a generic (2,2, 2)-surface has picard number 3, while we will see that
each X 4 has picard number at least 12. Moreover, Cantat proves that the automorphism o3 005 007 on
a generic (2,2, 2)-surface has entropy ln(9 + 4\/5) ~ In17.9443, while we will find hsp(fa) ~ In6.1393.

While the calculations in Section [2] apply for any nonzero A, in Section [3]we focus on the specific case
A = 10. The real surface X;0(R) is homeomorphic to a sphere and completely contained in the affine
part of Xo (see Figure .

Theorem 1.3 (Main Theorem). For X4 and fa defined above:

(1) hiop(f, Xa(C)) = 1n6.1393 for every nonzero A € R;
(2) there exists a finite fio-invariant set S such that the action of f&, on the complement X19(R)\ S
has stretching factor ~ 8.1998.

As a consequence of (1) and (2),
1In8.1998 1
> 2 " T -
U0 R 61303~ 2

1.2. Outline of the paper. Our computation of hep(f, X4(C)) in Section [2| relies on the Gromov-
Yomdin theorem and working with explicit algebraic curves. In Section [3:2] we prove a checkable shad-
owing lemma for an arbitrary C2-diffeomorphism of a (real) surface. In Sections and 3.5, we apply
the shadowing lemma to a pseudo-orbit of f1p on Xi0(R), with the help of a computer. The result is an
fio-periodic point x € X;14(R) with period 10.

In Section we compute the mapping class of fZ, on X19(R)\ {f*(z) | i € Z} in terms of Dehn half-
twists. The mapping class representation of f3, is written explicitly in Section From there, Flipper
(1) is able to compute the stretch factor (dilatation) of fZ,, yielding a lower bound on hyep( f10, X10(R))
(see [7]).

1.3. Accompanying computer code. The GitHub repository accompanying this article is K3entropy.
See its README file for more details. All code is based on Curt McMullen’s ‘Orbits of Automorphisms of
K3 Surfaces’ (see [16]). Aside from Flipper, the three programs essential to the main theorem are:

e periodicExact.c — used in Section — uses the GNU MPFR library (see [§]) to bound
max; || f{(0)|l, (see Lemma for notation). Error bounds for this computation using inter-
val arithmetic are provided in Appendix [C]

e derivativesExact.c — used in Sections and — uses the GNU MPFR library to ap-
proximate each D f¢(0) (Table [3). It also estimates D (see Section for notation) and its
first and second partials along a specific pseudo-orbit (Table .

e arcs.c — used in Section and Figure [4] — plots the images of several arcs under fi9. The
so-called arc-data of these image arcs (see Section is readily obtained from these plots,
and is also output automatically by arcs.c. The top image in Figure [4]is the output of arcs.c,
where the input arcs connect successive elements of a certain 10-periodic orbit of f1o (see Section
5.4).

In Section [3.6.1} we provide an algorithm for realizing the mapping class of a homeomorphism of an
n-punctured sphere as a product of Dehn half-twists. The algorithm is implemented in mclass.c and
takes as input the arc-data obtained by arcs.c. In our case, the output of mclass.c can be verified by
hand (see Figure [4)).

Finally, we use Flipper to compute the stretch factor of the product of Dehn half-twists representing
the mapping class of ff; on X19(R)\ {f*(z) | i € Z} . The file FlipperDilatation.ipynb is a Jupyter
Notebook which runs Flipper in SageMath ([2I]) to compute the stretch factor.


https://github.com/ethanhcoo/K3entropy.git
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1.4. Notation. Here we collect some notation used in the rest of the paper:
~ |Ill5 is the ¢*-norm.
— |||l is the maximum norm.
~ |I'llp is the norm on (R?)™ defined by ||(71, ..., )|y = maxi<i<n [|¥i,-
— For M € My, xn(R), [[M]],, denotes the operator norm for M as a map (R", [|-[|y) = (R™, ||-][,)-
— Given M € Mayxan(R), || M]]
((R2)™, [I-[lo)-
— For M € My,xn(R), || M| is the Frobenius norm.
— For differentiable f : R®™ — R™, D?f is the Hessian matrix.
= For f:R" = R™, let || f[|coqr = supgev I/ (@), -
~ For f € CH(R™), let || fllon () 00 = max|g <k SuPser |[DP /().
— For a C*-function f = (f1,..., fm) : R® = R™ let [fller@ry,00 = max; || fill or 1), c0-
— For G: R" = Myxx(R), let [|glly;, = sup,ey |G (2)],, where x € {op, F, o0}

op.0 denotes the operator norm of M as a map (®R»™Ily) —

[

1.5. Acknowledgements. The author is grateful to his advisor, Sebastian Hurtado, for his ample
guidance and generosity. He would also like to thank Serge Cantat for an encouraging conference chat
and for his comments on an earlier version of this work.

2. COMPUTING hyop(f, X(C))
Notation 2.1. For the rest of this section, we fix nonzero A € R and let X = X4 and f = f4.

2.1. Background. The Gromov-Yomdin theorem implies that h,(f, X(C)) = In R(f*), where R(f*)
denotes the spectral radius of f* € GL(H*(X,C)). In this section, we recall a few relevant facts about
K3 surfaces (see, for example, [11]). By Hodge theory, X satisfies

1 k=04
dim H*(X,C) = {22 k=2

0  otherwise.

Therefore, f* achieves its spectral radius on H?(X,C). Additionally, there exists an Aut(X)-invariant
decomposition of H?(X,C) into its Dolbeault cohomology classes, denoted

H*(X,C) = H**(X,C)® H"'(X,C) ® H*?*(X,C).

Complex conjugation preserves H'! (X, C) and H*°(X,C)®H"?(X,C), so both are spanned by elements
of H?(X,R). By the Hodge Index Theorem, the intersection form (cv, 8) := [y A is positive-definite on
(H*°(X,C)® H*?(X,C))NH?(X,R) and has signature (1,19) on HY1 (X, R) .= HYY(X,C)NH?(X,R).
Consequently, f* achieves its spectral radius on H!(X,R). Define the Néron-Severi group by

NS(X):=H*X, Z)n H"'(X, R)

in the sense that we consider the image of H2(X, Z) in H*(X, R) and intersect with H1'!(X, R). Then
NS(X) is a discrete subgroup of H2(X,R). Since Aut(X) preserves H?(X,Z) and the Hodge decompo-
sition, it preserves N.S(X). Since X is a K3 surface, there exist Aut(X)-equivariant isomorphisms

D(X) = Pic(X) =2 NS(X)

where Pic(X) is the Picard group and D(X) is the free abelian group of algebraic curves considered up
to linear equivalence. Moreover, under these isomorphisms, (-|-) is carried to the intrinsic intersection
forms on D(X) and Pic(X). Since X is projective, the Picard group contains a line-bundle of positive
self-intersection, so (:|-) has signature (1,p(X) — 1) on each group, where p(X) = dim Pic(X) is the
picard number.

2.2. Strategy. We will find an explicit o;-invariant subspace W of D(X) on which (:|-) is Minkowski.
Then, R(f*) = R(f* |W) will be directly computed.
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2.3. Computations on homology. To that end, we consider several explicit algebraic curves in X. In
homogeneous coordinates ([zo : 2], [yo : y], [20 : 2]) for P x P! x P!, let

pr=Px {0 1} x {[1:]}, pa= PN x {05 1]} x {12 —i]},
p3 =P {[1od]} x {[0: 1]}, pa =P x {[1: =]} x {[0: 1]},
ps = {0, 10} x P x {[L:4]}, pe = {[0,1]} x P* x {[{1: —i]},
pr={[1,i]} x P x {[0: 1]}, pg = {[1,=i]} x P! x {[0: 1]},
po = {[0: 1} x {[1:4]} x P', prg i={[0: 1]} x {1+ =i} x P,
pr1={[1:4]} x {[0: 1]} x P, p1o = {[1: —i]} x {[0: 1]} x PL.

Each p; is birationally equivalent to P!, and thus has self-intersection —2 by the adjunction formula.
Moreover, each p; is the unique representative of [p;] € D(X), so we use p; and [p;] interchangeably. A
straightforward calculation, also performed in [20], yields

2 0 0 0 1 0 0 0 0 0 1 1
0 -2 0 0 0 1 0 0 0 0 1 1
0 0 -2 0 0 0 1 1 1 0 0 0
0 0 0 -2 0 0 1 1 0 1 0 0
1 0 0 0 -2 0 0 0 1 1 0 0
3 ;o 10 000 20 0o 1 1 0o o
M = ((pilp;)); = 0 0 1 1 0 0O -2 0 0 0 1 0
o 0o 1 1 0 O 0 -2 0 0 0 1
o 0 1 0 1 1 0 0 -2 0 0 0
o 0 0 1 1 1 0 0 0 -2 0 0
1 1 0 0 0 0 1 0 0 0 -2 0
1 1 0 0 0 0 0 1 0 0 0 -2
and
2 0 0 0 10 0 0 00 1 1
0 -2 0 0 01 0 0 00 1 1
0 0 -2 0 00 1 1 10 0 0
0 0 0 -200 1 1 01 0 0
1 0 0 0 10 0 0 00 0 0
o 1 0o 0o 01 0 000 0 o0
S=Wplowi=10o o 1 1 00 0 —200 0 1
0 0 1 1 00 -2 0 00 1 0
0O 0 1 0 00 0 0 10 0 0
0 0 0 1 00 0 0 01 0 0
1 1 0 0 00 0 1 00 0 -2
1 1 0 0 00 1 0 00 -2 0

Diagonalizing M shows that (-|-) has signature (1,11) on W. Alternatively, we can realize an element
of W with positive self-intersection in the following way. Each fiber of m; : X4 — P! is a curve given
by the equation {z; = «a}, all representing the same class in D(X), which we denote by [¢;]. Notice
{z=[0:1]} = ps Upe Upg Upio 50 [c1] = ps + ps + Py + p1o- Similarly, [ca] = p1 + pa + p11 + p12 and
[c3] = p3 + pa+p7+ps. So each [¢;] is contained in W. One can also check ([¢;], [¢;]) = 2 whenever i # j
and vanishes otherwise. Thus [¢;] + [¢;], ¢ # j, has positive self-intersection.

Define 61 : W — W by 1 :== M 1S so that &; has the property

(22) <UT’LU1,'LU2> = (&1w1,w2>
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for all wy,ws € W. One finds

g1 =

[ecleoleoleololeoBeBeoBoleohol S
[N eleololoNeoBaoBeoBoReol =
[N eleoloNeoNeNaoNeRol =N
[N eoNeNoNoNeNoeNol = lele]
I
—_
SO OO OO0 OoO oo
DO OO OoO OO0 OO
H O OO OO
OR OO OO0 o oo

[elelelell =]
SO OO =

The fact that &; has integer entries and satisfied 67 = id was not a priori true, and suggests the following
claim.

Claim 2.3. &, = 07|,

Proof. Notice that 6t M&; = SM~1S. Auspiciously, we saw that 0? = id, or equivalently, SM 1S = M.
Therefore (-|-) is &1-invariant. Now o7 is induced by an automorphism of X and thus also preserves (-|).
Therefore, for all w € W

o (w) = 31 (w)|* = loF (w)|* + |61 (w)|* = 2(0F (w), 51 (w))
= |07 (w)I* + |51 (w)|* — 261 (w), 51(w))

2 2 ~ 2
= [[w[|” + [Jw[|” = 2[|&1 (w)]]

|
|

2 2 2
= [lwl” + [lw[|” = 2[|w]]
=0.

where in the second equality we use and in subsequent equalities we use that 61,07 preserve (-|-).
But for all 1 <1¢,j <12,

(pi,01p;) = e MGe;
= efMMflSej
= e{Se; = (pi, 01p;)

and therefore o} (w) — &1(w) € W+ for all w € W. We conclude o} (w) = &;(w) since (-|-) is negative
definite on W+, O

Let’s check that o does what we expect to [c1], [c2], [c3]. Well, o7 should fix [ca] = p1 + p2 + p11 + P12
and [c3] = p3 + ps + pr + ps; our matrix does this. Moreover,

(24) W;:;l(ﬁgg(cl)) :al(cl)Ucl Upr Upa Ups Upy.

Now 7a3(c1) C P x P! has bidegree (2,2) and is therefore contained in the class 2[{a} x P]+2[P* x {a}].
Thus 2.4 becomes

2[ca] + 2[cs] = of[e1] + [e1] + p1 + P2 + p3 + pa,
i.e.

o1 (ps + pe + o + p10) = 2(p11 + P12 + 7 +ps) +p1 + D2 +P3+Pps—Ps —Ps — Do — Pio
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which our matrix also satisfies. A similar computation is performed in [I9]. Using symmetry, one
computes

OO OO

_ =
—_ =

coOo0co0coCcoOoOoO~ROOO
oo o0ocO0O0o0COR OO
CcCoococooOoOROOOO
CoococoorRrOocOOOCO
CcCoococOoOrROOCOOOO
R N el e RS o i e i e i e B e B e W

o

|

—_
[ e N =l N N o e R R W e
S el e i e N N e el e B e W e W e

=)
—_

and

I

—_
S OO O OO0 OO O
SO DODDODOHODDODDOD O OO
S OO OO OoOOoOOoO o OO
SO OO0 OoO o oo
O O OO O oo
—_H OO OO O OO

OO DD DO ODODDODOHHOOO
OO O OO OO OO+ OO

Thus

— -0 oo oo
I
[\
I
—

f*

0

0

w -1 -1 0
-1 -1 0

0

=N eBeoloNeoNoleBeoRael =
w
w
[eNeNel  oNeNoNoNoNoNo)
SO OoOoO R OO OO oo

[N eololoNoNoNoloBoloRol

1

1 1 1
1 1 1 -1 0 1
Now, R(f*) = R(f*|W) since (+|-) is Minkowski on W. Moreover, since f* preserves (|-}, the character-
istic polynomial p(z) for f*|W is a Salem polynomial, meaning it has even degree, real coefficients, at
most two roots without unit size, and satisfies p(0) = 1. We find

p(z) =1 — 8z + 1522 — 2423 + 142 — 82° — 528 — 827 + 142® — 242% + 15210 — 821 + 212,

o
o
o

which factors as a product of a polynomial with all unit roots and 1 — 5z — 622 — 523 — 62* — 52° + 26.
Then R(f* is the unique real root of

w)

1 -5z — 622 — 523 — 62 — 52° + 2
with modulus > 1, which is ~ 6.1393. By the Gromov-Yomdin theorem,
(2.5) hiop(f, X (C)) =~ In6.1393.

Remark 2.6. The above calculation shows that hyp(f4) is independent of A € R*.

3. BOUNDING hyp(f, X10(R))
Notation 3.1. For the rest of the article, we let X = Xyq, f = f10 and q == qi0-
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3.1. Strategy. Given a surface S = S, 5, recall that the mapping class group of S is
MOD*(S) := Homeo(S)/ Homeog (),

noting that we allow for orientation-reversing homeomorphisms. Let MODT(S) denote the index-2
subgroup of MOD* (S) consisting of classes coming from orientation-preserving homeomorphisms. Given
a homeomorphism h of S, we let [h] € MODE(S) denote its mapping class.

In the following sections, we will approximate an f-periodic point © € X(R) of order 10. Then we

examine the action of f on Spi9 = X(R) \ {fi(a:)}?:o.
Dehn half-twists in MOD™(Sp 10). Such a representation allows Flipper to show that [f?] is a pseudo-
Anosov mapping class and compute its stretch factor, denoted A([f?]). Since each o; is orientation-
reversing on X (R), f is orientation-reversing, which is why we consider f2. Recall that a pseudo-Anosov
homeomorphism ¢ has minimal entropy in its mapping class, and moreover Ay, () = In A([¢]) (see [7])

Therefore,

Our goal is to represent [f?] as a product of

() = 5heapl£2) = 3 NS,

Now, we turn to approximating such a periodic point z. Since f has positive entropy on X(C), a
classical theorem of Katok implies that the number of n-periodic points in X (C) grows at least exponen-
tially in n (see [13]). However, finding explicit periodic points remains a challenge, especially those in
X(R). To that end, we prove an ad hoc shadowing lemma for C? surface diffeomorphisms, and then use
a computer to exhibit a pseudo-orbit (z;) with sufficient recurrence and hyperbolicity to admit a nearby
periodic point.

3.2. A shadowing lemma. The following shadowing lemma can be thought of as an ad hoc version
of the Anosov shadowing lemma, where we only care about data along a given pseudo-orbit. The
lemma requires some type of hyperbolicity in coordinates along the pseudo-orbit, control of the second
derivative in coordinates along the pseudo-orbit, and high recurrence. The benefit is that all constants
can be computed explicitly.

Lemma 3.2. Let M be a smooth surface. Let

o h: M — M a C? diffeomorphism
® 2g,...,xp_1 €M
o {¢;: Vi — M} a set of C? charts such that z; = ;(0).

Assume h(x;) € Pit1 (mod n)(Vit1 (mod ny) for all 0 < i < n. Define

oh?::(pi__,’_ll ohow; :U; = R? for 0 < i < n, where

(mod n)
Ui =V N (97, (mod m) © 00 T (Vig1 (mod )
o L;:=(Dh$)y and

0 Lo 0 0
0 Ly
L= .
. 0
0 0 ... 0 L,
L, 0 ... ... 0

Assuming L— Iy is invertible (or equivalently Ly 1Ly o -+ - Lo—I is invertible), let C' := H (L — Iyo)~ ! H
(recalling Notation[1.4)). If there exists § > 0 such that

(1) fOT‘ all 7, 31205(0) c U;
(2) for alli,

op,0

1 1
1206 < —
C 16[ DAl

9(Bi2c4(0)),00
(3) for all i, ||h5(0)]l, <0
then there exists h-periodic p € M with period n and hi(p) € ¢;(Bscs(0)).

Our proof mirrors Katok-Hasselblatt’s proof of the Anosov shadowing lemma in [I4], Theorem 6.4.15.
We delay it until Appendix [A]
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FIGURE 2. The pseudo-orbit z; = @;(a;,b;) from Table 1| plotted on X (R), and pro-
jected into the z-x plane. Blue dots denote points on the top sheet and orange the
bottom sheet. The curve C := {z = —z} N X can be seen intersecting f°(C) near zo.
This figure is obtained using a program developed by C. McMullen.

3.3. Where to look for pseudo-orbits. Let p : (P*)? — (P')? denote reflection through {z = —z}.
Notice that G is p-invariant, so p(X) = X. Furthermore, C := {z = —z} N X is cut out by an equation
of bidegree (4,2) in P! x P!. Consequently, C' has arithmetic genus 3 = (4 — 1)(2 — 1) and thus self-
intersection 4 = 3 -2 — 2 by the adjunction formula for a K3 surface. A simple computation reveals that
po f = f"1op. Therefore, any p € C' N f*(C) is f-periodic of order dividing 2n.

Recall that there is a unique projective class in the isotropic cone of (-|-) in H11(X,R) that is the
attracting fixed point for the action of f. Let v}r denote a representative of this class. Similarly, f has

a repelling projective class from which we pick a representative vy satisfying (v;[, v/?) = 1. Then

lim e~ "MerU(C, f7(C)) = (Cv7) - (C,vf)

n—oo

(see [3], section 2.3). Since [C] has positive self-intersection, (C,v}) and (C, v;ﬁ') are positive. Thus, the
number of f-periodic points of order 2n contained in C' grows like e™or(f) A priori, it might be the
case that none of these periodic points are contained in X (R). However, one can plot C' and f"(C) and
see many intersections in X (R); in the following section, we will input into Lemma a pseudo-orbit
coming from an approximate intersection point of C' and f°(C) in X (R).

It’s worth noting that one can calculate the intersection of C' with each p; and use the intersection
matrix from Section to arrive at (projw |[C], projw[C]) = 4. But ([C],[C]) = 4 and W is negative-
definite, so in fact [C] € W. Therefore, our formula for the action of f* on W allows us to explicitly
compute (C, f*(C)) for any given n.

3.4. A specific pseudo-orbit. By the previous section, any intersection between C' and f™(C') in X (R)
will be a 2n-periodic point. Figure 2] shows such an intersection when n = 5. In the figure, we selected a
point near the intersection and plotted the first ten points in its orbit. This will serve as our pseudo-orbit.
In the following section, we define the ¢; used in Lemma |3.2

3.4.1. Charts. Let D(z,y) denote the discriminant of ¢ with respect to z, i.e.
D(x,y) = 1022%y% + 8(1 + 22)(1 + ) — 4(1 + 22)*(1 + y*)%.
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i a; b;

U 1.041643093944314148360673792017  1.726895448754858426328854724474
Vs -0.439586738044637984442175311821  0.555943953085459715621476373770
U5 1.111402054756051352317454938205 -0.926435350008842162121508383319
P -0.328869789067645570794396144391  0.867950394543647373540816310310
W,  1.488818954806569814700993326668  1.004464450964796276608907444033
U5 0.533829900932504729554816817729  -0.533829900932504729554816817729
P, -1.004464450964796276608907444033 -1.488818954806569814700993326668
\I/}j_ -0.867950394543647373540816310310 -0.328869789067645570794396144391
W, 0.926435350008842162121508383319  -1.111402054756051352317454938205
\I/f 0.555943953085459715621476373770  0.439586738044637984442175311821

© 00 O T W N~ O

TABLE 1. A pseudo-orbit

A straightforward computation reveals D(z,y) = (9.q(z,y, 2))?. Therefore, since X is a smooth variety,
we cannot have simultaneous vanishing of D(x,y), D(z, z), D(y,z) on X. Let

—10zy + D(z,y)
2

Pe@Y) = Sy

)
where z — 23 is taken to be the principal branch of the square root. Then the maps
U (2, y) = ([L: pa(y, 2)], [1: 9], 1 2])
Uy (,y) = ([1: 2], [1: pa(a, 2)],[1: 2))
U5 (2, y) = ((L: ], [1: ), [1: pas, b))

are holomorphic coordinates defined on

{(z,y) € C* | z,y ¢ {£i} and D(z,y) # 0} .
We consider the collection of points and charts enumerated in Table |1} For each ¢, define
= @i(a;, b;).
Moreover, let
©i(C7) = @i(C + ai,y + bi)
so that the ¢;’s and x;’s are as in Lemma Here
Vi = {(z,y) e R? | D(x + as,y + b;) > 0}
and
U =Vin (f5) 7 (Vi1 (mod 10))-

We emphasize that the exact values of the a;, b; are displayed in Table We will see that this
pseudo-orbit has enough recurrence and hyperbolicity to apply Lemmal[3.2} One could choose a;, b; more
carefully to get even more recurrence, with a negligible change in the first and second derivatives of f;.

3.5. Applying the shadowing lemma. Recall the notation used in Lemma Fix ¢/ := 10718, In
Section we prove that B.(0) C U; and max; HDinCHCO(B ,(0)),00 < 1.4-10'. Moreover, in Section

W we prove that C' < 21 for our choices of ;. Therefore, by Lemma if [|£7(0)|ly < 6 for all 4
where

e’ 1 1 1
12C7 12C 16C 1.4 - 1014

§ < min < ) ~ 3.97-10721,
then there exists an f-periodic point € X (R) of period 10 and ||<p2_1(f1(33))H2 < 6C6.

In K3entropy, periodicExact.c, we find that || f¢(0)||, < 10727 for all . Sufficient accuracy of the
computer computation is guaranteed using the GNU MPFR library in C; see Appendix|[C|for a discussion
of computational errors. Therefore, there exists z € X (R) such that f!°(z) = x and H(p{l(fz(x))

Iy <
6-21-10729 < 10726,
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3.5.1. Bounding ||D2ficho(B (0)).00 for small . Define
K = max|D(a;, b;)|
R := max ||DD(a;, b;)
7

oo
M = maXHDZD(ai,bi)HOO.

In K3entropy, derivativesExact.c, we use the GNU MPFR library to estimate D(a;, b;) and its first
and second partials at (a;,b;) for each i. One could produce precise computational error estimates
analogous to those in Appendix [C] to show that the errors are small, but we will see that we don’t need
much accuracy. Indeed, from Table [2, we assume only that K < 114, R < 163, M < 441. Using the
approximate values for min; D(a;, b;) and R, along with the mean value theorem, we find that D > 0 on
Bjp-3(a;, b;) for all i. In other words, Big-3(0) C V; for all i.

Since each ¢, !'is an everywhere-defined projection map, in what follows we consider f{ to have
domain V; instead of Uj;.

Lemma 3.3. Fizr e :=10"°. Then max; IDff o p.(0y),00 < 14 1014,

Proof of Lemma[3.3 In Lemmaof the Appendix, we bound || Df||co(x (g, 2nd HD2fHCO(X(]R))

where f is considered to be a function from a neighborhood of X (R) C R3 into R3. The remaining piece
is to bound || Dpl|c1(p_ (a;p:)),00 20 HD2pH01( and apply the chain rule. We proceed via a

)
,00

,00

B.(a;,b;)),00’
series of short claims.

DPD| < /2-20000- ¢ + R.

Claim 3.4. max; maxg—=2 SUpPp_(q, »,)

DPD| < /2(v/2-20000 - £ + R)e + M.

Claim 3.5. max; max|g=1SUpPp_(q, b,
Claim 3.6. max; supg_q, 5,) |P| < V2(v/2(v/2-20000 - € + R)e + M)e + K.

Claim |3.4{ follows from Lemma of the Appendix and the mean value theorem, with the v/2 picked up
as a dimensionality constant. Claim [3.5 similarly follows from Claim [3.4] and Claim [3.6] from Claim

Claim 3.7. For all i,
max ||D?;DHCO(BE(M)bi))’Oo <25-10%

and
max [ Dplloo(a. (a;,5:)),00 < 120-

From Claims and using ¢ small, we obtain max; SUPBE(aﬁ|D| < K+1 = 115 and
B9

DDl c1 (B (as,6:)),00 < Max(R, M)+ 1 = 442. Then Claim |3.7| follows by [B.5/ of the Appendix.

To conclude the proof of Lemma we examine the action of ff on the space of 2-jets from R? to
R (see Appendix . Indeed, this action is given by a matrix-valued map J2(ff) : B:(0) — Msx5(R)
whose entries contain the first and second partials of f7. Therefore we have the bound

”Dficncl(BE(O)),oo < H‘Jz(fic)Hco(Ba(o))’OO'
Jets behave nicely under composition, meaning J2(f¢) = J2(¢;) - Jii(x)(f) . Jfo%(w)(cp;_ll), so we have
(38) I G 501,00 < 172D 5 0y.0p 177 (Dl 0p - 17001

But ¢} is a projection, so J2(¢; /) is an inclusion for all y, and thus ||.J2 (<pi_+11)H0p = 1. Moreover, by

J2(f) satisfies

@i+1(Be(0)),0p

2
HJQ(f)Hx(R),OO < maX(QHDfHCO(X(R)),mW DQchO(X(R))’OO)'
By Lemma IDfllco(x®)),o0 <9 103 and ||D2f||CO(X(R)) - < 9%(2-10%)°. From this, we calculate
HJQ(f)HX(R)’OO < 9%(2-10%)%. Note that JZ (f) € Mgxo(R) for all zg, so picking up a dimensionality
constant yields

(3.9) [|J? <3-9%(2-10%)3.

(f)HX(R),op
Finally, J?(y;) satisfies

||J2(‘Pi)||co(35(o)) oo S maX(?HDP||200(BE(ai,bi)),oo7 HszHCO(BE(ai,bi)),oo)’

)
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and by Claim the RHS is bounded above by max(2-1202,2.5-10%) < 3-10%. Since J2 (¢;) € Ms5x9(R)
for all zg, we obtain

(3.10) (|72 (4)]
Inserting [3.9] and into [3.8] yields

IDfENler a0y < 172 ()

<ol

<3-9%2-10%)3.7-10
<1.4-10",

<+5-3-10* < 7-10%

B-(0),0p

proving Lemma [3.3] O
Lemma 3.11. Fize' =108, Assume max; || f£(0)|, < 31073, Then B (0) C U; for all i.

Proof of Lemma[3.11. By Lemma we have

(3.12) max || Dffllcos,, (000 < 14 10,

which implies max; [| D ff||co(p_, (0y),0p < V2:1.4-10™. We chose ¢’ such that ¢’ -v/2-1.4-10'* < 21073,

Then for each i, the image of the &'-ball under f satisfies f£(B./(0)) C Bi1o-3(f{(0)). By assumption,
1££(0)]l, < 21073, s0 it follows that f¢(B.(0)) C Big-3(0) C Vit1 (mod 10), i-¢. Ber(0) C U. O

3.5.2. Bounding C. Recall the definitions of L;, L from Lemma[3.2] We hope to bound

1

C == 0o = ;=7

Using the GNU MPFR library in C, implemented in |K3entropy, derivativesExact.c, we estimate each

L; with high accuracy. That is, the program produces L; such that HLl — L < r where r is small.

oo
Again, one could produce very precise error estimates analogous to those in Appendix[C] but we will find

in this section that we can tolerate some inaccuracy. The L,’s, rounded to four decimals, are displayed
in Table|3l Since f | X(R) is volume-preserving (which is true for any real automorphism of a K3 surface),

the product LgLsg ... Loy should have determinant 1. One can verify that LoLs ... Ly has determinant
~ 1.

Letting L be the analog of L, we have HL - EH < r. Therefore supy, -1 HL(’U) - E(U)HO < rv2,
and, in particular, |0, (L — I) — o, (L — I)| < 7v/2. So

<12 <an<i—}>—rﬂ>2'

W@_Jyw ~||lE-n

1 1
op,0 op,0

Mathematica computes H(L —- ! H ~ 19.8966 (see K3entropy, MatrixEstimates.nb), so o,(L—1) >
F

2—10. Thus

1
—1
|(L—1) ||op,0§20+r\/§2i077,.\/§'

Using even a conservative estimate for r, say » = 1072, we find
-0, , <21

op,0

Therefore C' < 21.
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3.6. Computing the mapping class of f? on a sphere with punctures. In Lemma we
demonstrate that the component of R3 \ X(R) containing the origin is star-shaped. This allows us
to easily isotope X (R) to the unit sphere S? C R3. In an abuse of notation, we still use f to denote
the associated homeomorphism of S2. Next, we stereographically project through v := (0,0,1) to the
-y plane, and rescale to the open unit disk D C R? for convenience; denote by ., : S2\ {y} — D the

composition of projection and rescaling. Since vy ¢ {f*()}, _,, we can consider the image of { f*(z)}, _,

under 1., in D. The image is a set of ten points, which we label from left to right by zg, 21, ..., z9. For
each 0 < i < 8, we draw an oriented, straight-line arc p; from z; to z;11. Let 2; and p; denote the lifts of
z; and p;, respectively, to S2. Let [3;] € MOD™ (S 10) denote the clockwise half-twist around p; (coming
from the ambient standard orientation in R?), and recall that the half-twists [§] generate MOD™(Sp 10).
Our goal is to realize [f2] € MOD™(S8p10) as a product of the [8]’s

Let [s;] € MOD(Dy) denote the counter-clockwise half-twist about p;, and notice that [p5! o
s; 0 1] = [3;] once we extend w;l 0 s; 01y to Spio by fixing v. Since f doesn’t fix v (although
v does have order 2), f doesn’t directly descend to a homeomorphism of lo)lo. However, there exists
f" € [f] € MOD*(Sg 10) such that f'(y) = v and f'(p;) = f(p;) for all i. Indeed, this follows from the
fact that the union U;p; does not separate S? and does not contain v or f=1(y). We use f’ to denote
the induced homeomorphism of 10)10 2 Sp,11- Then

f'(pi) = ¥y o f(Bi)-
In K3entropy, arcs.c, we plot each arc f(p;) in bm and record its so-called arc-data, which we describe
later. See the README file in GitHub for a description of that code.

In what follows, we use s;.s; to denote the composition s; o skﬂ From the arc-data produced by
arcs.c, the algorithm described in Section finds i € {0,1,...,8} and ny € {1, —1} such that

o0 N1 ng +(7
g=spsil s;. € Homeo™ (D1p)

maps each f'(p;) to p; up to homotopy in blo. This algorithm is implemented in [K3entropy, mclass.c.
Then

g=80.870 ... 87 € Homeo™ (So.10 \ {7})

maps each f(p;) to p; up to homotopy in Sp11 = So10 \ {7y} Thus [§o f] € MODi(SoJO) is an
orientation-reversing mapping class which fixes each p;; there is only one such mapping class. Indeed,
let v be the unique (up to homotopy in Sy 10) arc from Zg to Zy that’s disjoint from each p;, and let L
be the closed loop defined by the concatenation pg.pi..... ps.v. Let R € Homeo(Sp 10) be a reflection
through L. Notice §o f o R is orientation-preserving and fixes each p;, so it’s the trivial mapping class.
Thus [§ o f] = [R].

We are not quite done, since we wanted to realize [f2] € MOD'(Sy 10) as a product of the [5F]’s
Notice that [R o &%) = [5F o R] for all i. Therefore

f?=§gtoRog 'oR

g
=~ (8™ A;ﬁi_l ..... 8;,"0) o (83 A?f:ll ..... 50)
(3.13) ~glog

where g reverses the order of the product decomposition of g, meaning

. Ay AMpg—1 AN,
=88 L. 5.0
(73 Te—1

10 °

Q

3.6.1. An algorithm for computing g. Let f’,z;, p;, and s be as above, but consider the more general
case of Dn. In what follows, we consider the z; as marked points so that homeomorphisms of Dn permute
the marked points.

Let MOD(J{(bn) C MOD+(ﬁn) denote the subgroup generated by homotopy classes of homeomor-
phisms that fix the marked point zy3. The following lemma will be useful later:

Lemma 3.14. The subgroup MOD{ (D,,) satisfies
MODG (Dn) = {[rpo], [s1]; [52], - [5n—2])

where T,, = 50.50 15 a full twist around py.

IThis convention is consistent with the Flipper program.
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Proof of Lemma[3.14) For each 0 <i < j <n —1, define

Ai,j = (Sj_l.Sj_Q. . 51’+1)~512~(5j—1~5j—2 ..... Si+1)71
Then A; ; represents a Dehn twist around some loop containing just z; and z;, and notice that Ao 1 = 7.
Moreover, the collection {A; ; | 0 < i < j < n — 1} generates the pure mapping class group PMOD™(D,,)

(see [12]). Therefore PMOD™(D,,) < ([Tpo] [s1],[52], -, [Sn_2]). Finally, any [¢] € MODF (D,,) can be
written as a product of [¢1] € PMOD™(D,) and [pa] € ([s1],[s2], .-, [sn_2]), proving the lemma. O

For all 0 < i < n — 1, we will find g; € Homeo™ (D,,) such that g;(px) = pi for each 0 < k < i and
giogi—10--0goo f(p;) = p;. Then g :=g,_10gn_o0---0gq satisfies go f'(p;) = p; for each 0 <i <n—1,
as desired. We will determine g; inductively in the following way.

Base case: Choose a finite sequence half-twists ¢1,...,t; € {ski | 0 <k <n—1} such that
go =tetp—1..... t1 € Homeo+(Dn)

satisfies gg o f'(po) = po. The half-twists t;, can be readily obtain from f’(py) by recording the sequence
of marked points that f'(pg) traverses, noting whether the arc passes over or under each marked point.
We refer to this sequence of marked points and over/under information as the arc-data of f(pg). The
process is straightforward and we omit details; one can follow along in Figures [3| and 4] to get a sense
of it. The idea is to “drag” the endpoint of f’(pg) backwards along the arc f'(pg) towards its starting
point using half-twists.

Inductive case: Let i > 0, and assume that g; for 0 < k < i have been constructed.

Step 1. Define P;_1 := pg.p1..... pi—1. Define a homotopy C : [0, 1] x D — D such that:
C) is the identity;

C1(P;_1) is a point;

for all t €10,1), C; is a homeomorphism satisfying C;(P;—1) C P;_q;

for all ¢ € [0,1], C; fixes z;, whenever k > i.

Let ¢ .= C;. Considering ¢(P;— 1) to be a marked point along with the z;’s for i < k < n — 1, ¢ defines
a continuous map ¢ : D, — Dn i We take generators {s; | i <k <n —1} for Dn i, where s; is a
counter-clockwise half-twist about ¢(pg). Notice that, for i < k < n — 1, one has

(3.15) 5, 0C2 co 8.
Moreover, s; admits the following lift by ¢:
(316) s;0c=co (Si-si—l ..... 51.580-50-S1+ .- Si—l-si)-

Step 2. Consider the arcs a; == g;—10g;—20---0ggo f'(p;) C D,, and elay) C D,,—;. Choose g; €
Homeo™ (D,,_;) such that §;(c(cy)) = ¢(p;) in D,,_;. Notice that ¢(a;) and ¢(p;) both have starting point
¢(P;_1). Therefore, [§;] € MOD{ (D,,_;), and by Lemma [3.14] [§;] € ([Tenl, [si41], [5ig2]s - - -, [Sn—2]).
Just like in the base case, a presentation for [g;] in terms of those generators can be obtained from the
arc-data of c(a;).

Step 3. By applying and we can lift §; to g; € Homeo™ (D,,) satisfying h o ¢ = co h. The
homeomorphism ¢; fixes py, whenever 0 < k < i. Moreover, ¢g; maps «; to p; up to twisting around P;_q;
we make this precise in the next step.

Step 4. First, we show that there exists some h € Homeo(D,,) such that h(py) = py, for each 1 < k < i
and g}(a;) = h(p;). Indeed, notice that deleting open neighborhoods of either P;_y.c; or P, := P;_1.p;
results in a surface with n — i — 2 marked points and one boundary component. Then the existence of h
follows from the classification of finite-type surfaces.

Now, let 7p, ,,7p, denote the counter-clockwise Dehn twists about P;_; and P;, respectively.

Claim 3.17. [h] € ([7p,_,], [Tp,], [Si+1]; [Six2], - - -, [Sn—2])

Proof of Claim[3.17 Let « be a simple closed curve in Dn (not containing marked points) isotopic to
P;_1. Then h(y) = ~. The curve 7y separates Dn into two [h]-invariant components, which we denote by A
and B. Therefore, there exists a decomposition [g;] = [f10f2] with f1 2 € Homeo(D,,) satisfying fi | g =id
and f2’A = id. One of these components, say A, is itself an open disk with marked points zg, z1, ..., 2;.
Since h(py) = py for each 1 < k < 4, [h] restricts to the trivial mapping class on A. So we can take f; = id.
Since p; and g¢;(o;) both end at z;41 and h(p;) = gi(a), we have h(ziy1) = ziy1. But h(zir1) = fa(zit1),
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* o 0 —0  — >

i=0 | i=1 | i=2

= Rt —

|
\|

— ———

base case: gg = s1 step 1: contract p; step 1: contract pg.p1

step 2: g1 = 551.32 ! step 2: g =1id

step 3: ¢} = 551.551 step 3: g} =id
/\.
e —— e T
step 4: g = 52_1.32_1 step 4: g = 52.51.50.50-51-52
/\!:I

FIGURE 3. The algorithm described in Section applied in a simple case. We obtain
g=g204g109go = 82.51.80.50.81.82.82_152_1.81.

and, in light of Lemma [3.14] it’s straightforward to see that [fo] € ([7], [7p,], [si+1], [Sital, - -, [Sn—2]),
concluding the proof. O
Each of [7p,], [Sit1], [Sit2], - - -, [Sn—2] fixes p;. Therefore, using Claim and that h(p;) = gi(au),

we find that p; = 75 (gj(c;)) for some k € Z. One could let g; := 75 _ o g}, but we instead set

gi = Tp, o 7-1’21_71 o g;. Notice that 7p, and 7p,_, commute; this can be seen by realizing 7p, and 7p,_, as

twists around disjoint closed loops. So

-1

—k_k - k
Tp, Tp,_, — (TPilTPi—l)
= ((8;_11.8;_2 ..... sq 0 )-(sq ! 51 Lo 5;_11))]c
and we have
1 —1 —1 -1 —1 —1 k
i = ((8;1-8; 9. Sg).(8g 8] e s; 1) odl,

concluding the inductive step.
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1

-1 -1 -1 -1 —1~-1~-1 —1
gs = 54.55.86.S7 .Sy .Sg .Sy .54 .83 .83 .Sy
. - D
C;: 7),,,//{/ //&.g ? \/
-1 .-1.-1.-1.-1 -1 -1 -1 -1 -1 -1 -1 -1 -1 -1 -1 -1 —1 —1
g4 = 85.586.57.5g .Sg .Sy .S .Sg .S, .S3 .85 .51 .Sg .Sg .S] .S .S3 .S, .55 .Sg .S; .Sg
/:f:;fifl—))"*/**ij,%?‘;%
e —————— N
— — -1 -1 1 -1 -1 1 1 1 1 1 1 1 1 1
g5 = 86.87.83 .Sg .Sy .Sg .Sy .55 .S3 .89 .87 .85 .55 .5] .S5 .83 .5; .S5 .Sg .S7
G )
— — -1 -1 _-1 -1 1 _— —1 1 1 1 1 1 1 1 1 -1
g6 = S7.8g .Sy .Sy .Sg .Sy .Sy -S3 .Sg .81 .S .Sg .Sy .Sy .S3 .Sy .S5 .Sg .Sy

_ -1 1 - - — -1 —1 1 — -1 o—1 =1 —1 —
gr = Sy .Sg -S7 .Sg .Sg .Sy .S3 .Sy .S] .Sg .Sg .81 .Sy .S3 .S; .S5 .85 .S7

FIGURE 4. The algorithm described in Section [3.6.1, applied to the 10-periodic point
approximated in Section See Section for notation.
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3.6.2. Application to our case and using Flipper. In Figure[d] we apply the algorithm described in Section
to compute g. We find:

g=9gr°g6©°---°4go
= (sgl.sgl.s;l.sgl.sgl.szl.sgl.sgl.sfl.sal.sal.sfl.351.351.szl.sgl.sgl.s;l)
o (s7.55 155 .57 155 sg tusy tusg sy tusy Lusg Lusg tasy tasy tusg sy tuss tasg tast )
0 (56.57.55 "85 .57 tusg tuss tusy tsy tsy sy sy sy tesy tesy tasy tasy tas s tasy)
0 (85.56.57.55 1.58_1.57_1.56_1.sgl.sll.53_1.52_1.51_1.561.50_1.51_1.52_1.,93?1.521.55_1 S5 =1 .57 -t .53 =)
0 (54.55.56.57 *.57 "85 ".s5 Lusy tosg tsy tsT sy sy tesy tasy tasg tasy ) o (83.54.85.56.57 155 )
(

0 (59.53.54.55.55 ".57 .55 s 1.57) 0 (81.52.50.51.53.54.55 155 .57 .55 .85 L.57.56.55 ).

As we saw in [f?] is readily obtained from g. For completeness, we include its mapping class
below:

2 o a=1 a=1l a a s a a a—1 4 -1 =1 4 s A A a1 a1
[ [(55 8¢ .87 .88.88.87.86.85.8, .85 .87 .87 .85, .87 )o(8; .88.88.57.86.8; .8, .85 .55")
WA a—1 a1 a—1 a—1 A A A A A A A A A A A aaa—1 =1 A1
o (88.87.85 .85 .85 .85 ) 0(84.83.52.51.80.80.81.82.83.84.85.86.87.87.85 .85 .8, )
oA A A A A A A A A a A 1 .-
0 (88.57.86.85.84.83.82.81.80.80.581.82.83.84.85.86.57.88.88.8 36 -857)
a1 A A A A A s s A A A A A A A s s s oa—l a1
o (87 .86.85.84.83.82.81.80.80.81.82.53.84.85.86.57.858.88.8, .85 )
P P, |
0 (87.56.85.84.83.52.81.80.80.81.82.53.84.85.86.57.88.88.8, ")
o (§7 §6 §5 §4 §3 §2 §1 So SO.§1.52 S3 §4 §5 §6 §7 §g 58)}
a=1l s s a—1 s—1 =1 s—1 ,—1 4 s s a— aml a=1 4 s s o4
o [(9 .86.87.8g .85 .87 .55 .8 84.83.51.80.82.81) o (87.5¢ .87 .85 .85.84.83.82)
a1 oa—1 4 A A -1 am1 a—1 4 —1 a1 4 A A
o(8g .87 .36.85.84.83) 0 (8, .85 .8, .8 .8; .8, .8 .8, .85 .8, .85 .85 .3, .87 .86.85.84)
. N 1 s —1 =1 4 A A
.87.86.85)

o (87 .85 a5 e sy ey e sy ey e as ey s e s e ey s D).
In K3entropy, ‘FlipperDilatation.ipynb’ [l we use Flipper to find the stretch factor of [f?], and obtain
AM[f?]) ~ 8.1998.
It follows that
hiop(f, X(R)) £ %1n8.1998,

and by

Appendices

A. PROOF OF THE SHADOWING LEMMA

Proof of Lemma[3.3 To start, we set up a fixed point problem. Let ¢ := 12C4 so that B.(0) C U;. Pick
a smooth bump function g : R? — R vanishing outside of B.(0) and satisfying g’ Be(0) = 1. Furthermore,
2

choose g such that || Dy oo gs) < 3. For each 1 < i < n, define H;, L;, M; : R — R? by
L; == (DhS)y,
H; = gh{+ (1—g)L,,
Mi = hl — Ll
Furthermore, define H, L, M : R?" — R?" by
H(wOa s 7wn—1) = (Hn—l(wn—l)a HO(wO)a ) Hn—?(wn—Q))7
L(wo, ..., wp—1) = (Ln-1(wn-1), Lo(wo), . .., Lp—2(wp—2)),
M(w07 cee 7wn71) = (Mnfl(wnfl)v MO(wO)v RS Mn72(wn72))~

2Flipper uses right Dehn twists. The distinction between left and right is not important to us, since they’re the same
up to conjugation by a homeomorphism, which preserves topological entropy.
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-,

We hope to find a fixed point z = (zq,...,2,-1) for H in B¢ (0). Here we are using the supremum

norm ||-||, on (R?)" (see. Notice that we require zo € B (0 ) in rder to lift z to an h-periodic point.

Indeed, since Hi|Bs(0) = h§, one has H(z) = (h$_1(zn-1), ho(zo) oy hS_9(2n—2)). Thus (Z;) == (¢i(2:))
2

is a fixed point for (wo, ..., wn—1) = (A(wp—1), h(wp) ..., h(w,—2)) as a function M™ — M™. Note that
x=H(x)=L(z) + M(x)
exactly when
(L —id)x = —M(z)
or in other words
r=—(L—id) " *M(z).
So, we hope to find a fixed point for F := —(L —id)~'M in B: (0).
Claim A.1. F is a 3-contraction mapping for |-, whenever

1
<
16C1 D21 | o 0y o0

for all i.

d
op,0 — 4° op,0
supyepen [|[DM]|,, o separately. Now L is linear, so D( —id),t = (L —id)~! for all w. Thus

D(L —id)*, o =C-

We must prove sup,egen ||[D((L — id)~*M) wH We treat sup,,cpen HD(L—id)_ and

SUP,, cran
Claim A.2. sup,cp: [[(DM)y]]

Assuming we have

T BENEY
wbelﬁgnHD((L id) " M)uwl|,,, < C- (8 160+12C’)

op,0 < MAX; (85||D hi HCO(B (0)),00 +3§>

e~ w

proving To begin the proof of define N¢ : B.(0) — R? by
NE = he — L.

The function N/ is essentially the non-linear part of A{ at 0, with the caveat that N7 might not fix the
origin. Notice M; = H; — L; = g;(h{ — L;) = g;N{ implies

sup [[(DM;)wlly, < 1DMill o ge)
weR?

< ||D9||CO(R2 INFll o, 0)) + 19illcoe) PNl co (5. (o))
< g”NiC”CO(BE(O)) + IDN{ o (B, (0))-
Thus
sup [(DM)uw [y, = sup max([|(DMi)wl|,,)

3 C (&
< max (€|Ni leos. o) + IDN; ”CO(BE(O))) :
Thus will follow from the following two subclaims.

Claim A.3. |Nf ||Co < 252||D2h HCO B. +9

=(0) = (0)),00
Well, for all v € B.(0), Taylor’s theorem implies that there exist some z1, 23 € B-(0) such that

Vi) -0 = 5 (1) - (@000 (0200-.) - (1)
where h§ = ((h$)1, (h$)2). Thus
[NE (0)ll; < of* mass [[(D*(hE)e)z || + 0.
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Since
Py 1D (h))k) e[ < 21D*BE]| co 5. 000
and |v| < &, we obtain
INElIEs"™ < 222[ D1 | co 5. 0y 00 + O

Claim A.4. | DNflcop, 0y < 26 D05 o 5. (0)) o
Notice
(DN)w = (Dhi)w — (Dhi)o-

Therefore,

H(DNzC)wHop = H(th)w - (Dh'f)ollop
< (DhF)w — (DB, |
21¢
< 2||D hiHCO(BE(O)),oo
Claim is proven, but we are not quite done, since we need z € Bs (6) Well,
z = lim(F*(2))
for any 2 € R?". Therefore,

Hz—ﬂbé}jm—f”%@—fﬁa

<Z<>v22b

= 4| F(2) — 2|,-
In particular, substituting 0 for z,
I2llo < 4l F(0)]]
< 4C|-M(0) — (L — id)0]|,
=4C|M(0 )”0

— 4C||H(0) + L(0)],
— 4C|H ()], < C5.

We may conclude, since § = %E by assumption. (I

B. MISCELLANEOUS
Lemma B.1. X 4(R) is completely contained in the affine part of (P1)2, and {q < 0} C R? is star-shaped

about the origin.

Proof. In homogeneous coordinates, we find

Ga(0: 1), yo = 9], [20 = 2]) = (45 + ¥*) (5 + 2%)
so, by the symmetry of G4, X 4(R) contains no points at infinity.

Now ¢(0) = —2, so 0 € {q < 0}. If {g < 0} were not star-shaped about 0, the mean value theorem
would imply that there exists p € X (R) with p € T, X (R). In other words, 0 = ¢(p) = Dg,(p). Letting
p = (z,y, z), this amounts to

0=(1+22)(1+3>)(1+2%) + 10zyz — 2 = 2(10zy + 2(1 + 22)(1 + y*)2)
+y(10xz + 2(1 4+ 2H)y(1 + 2%))
+ 2(10yz + 22(1 + y?)(1 + 2%)).
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The resultant of the above two polynomials with respect to z is
R(z,y) = 4+ 1622 + 8z* — 162° + 42° + 16y — 2522%y* + 4002 y*
— 148252 + 1628y% + 8y* + 40022y* + 55224y* — 23225y4
+ 2428y* — 16y° — 14822y — 232245 + 31625¢° + 162°%y5
+ 48 4+ 1622y® 4 24aty® + 162518 + 42545,

One can check with Mathematica that R admits exactly four real solutions:

(0,£1/14+V2), (/1 4+ v2,0),

none of which lift to X (R). O

Lemma B.2. We have

max  |x| =~ 2.3.
(z,2)EX (R)

By symmetry, the same holds for the y and z coordinates.
Proof. We omit the proof; it can be done by hand with lagrange multipliers. O
Lemma B.3. Let S = {(z,y) € R* | D(x,y) > 0}. The function D satisfies the derivative bounds

max sup |DPD(z,y)| < 2000
1BI=3 (z,y)eS

Proof. We find
and
OrayD(x,y) = 432y — 12822y (1 + ) — 64(1 + 2%)y(1 + ).

If |z|, |y| < ¢, we calculate
‘azxxp(xa y)| < 960(1 + 02)2

and
1022y D(,y)| = 432¢ + 128¢3 (1 + ¢*) + 64c(1 + ¢*)?.
The bound from Lemma and symmetry conclude the proof. O
Lemma B.4. Considering fa as a smooth function from an open neighborhood of X 4(R) into R3, we
have
2 2 23
|D fAHCO(X(R)),oo < 97(2- max(A,1)%)
and

||DfA||CO(X(]R)),oo < 32 . maX(A, 1)3
Proof. Define

— Yy
) T )

In affine coordinates, one calculates

O’fl(l‘,y, Z) = (71‘ - AO&(’y, Z)a Y, Z)a
054(:57% z) = (z, —y — Aa(z, 2)72) )
and

U{?(x,y,z) = (l’,y7—2 - Aa(m,y)) .

PRPYEEY (IS SRR SV S
a\x = — .
ISV v ey Sy g B -

It follows that, for =,y € R,

and notice that

o] < 04D +1) =1

10y ()] 10z(a)] < (1 +1)(1+1) =1

e~ =
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Ouy()] < TA+ DA+ =1

0(@)], 00 (@)] < {201+ 1)1 +1) =2

Then HDOzAHXA(R) -, <max(1, A), and, by HJ2(0;-4)HXA(R) o <2-max(A4,1)% The result follows
from matrix multiplication and dimension counting.
]

Lemma B.5. If C;,C5 € Ry and z,y € R are such that
e 1 <D(x,y) <Cy and

o [[(DD)a )l oo [(D*D) oy |l o, < C2
then

o [(D*ps)allo <10+ CP2 + 5Co + £C3 and
° H(Dp:t)(m,y)Hoo <5+ %09.5 + icz-

Proof. With « as in Lemma and B(x,y) = m,

1
Pt = —Ha+ 527%5.
Notice that the same derivative bounds we established for o in Lemma [B.4] hold for 3. Then

1 0;,D
|8jp:t| < 5|8JC¥| + 5 <|DO5||ajﬂ| + |5H27;05 >

1 1
<5 — 0.5 —C
< +201 +4 2
and
0,D0;D
4D1L.5

1 0;D
s < 1010l + 3 (Irel1056] + [D°%0338] + 3]

2’D0.5

1(Cy C3 Oy Oy
<10+ (242005 422 4 224 22
_+2<2+1+4+2+2

8,;D 9;D

3 1
=10+ CY° + 10+ gcg,
as desired. O

B.1. Jets. Consider C*°(R"™, R), the collection of smooth functions f : R — R. Let k € N and zy € R",
and consider the equivalence relation on C*°(R™ R) defined by f ~ g if f(z9) = g(z¢) and all partials
of f and g at zg of order < k agree. We call such an equivalence class a k-jet, and denote the set of
classes by J& (R™,R). Furthermore, denote by J% (R™,R)g the collection of jets mapping xo to 0. For
each 1 < i < n, let z; € C°(R™,R) denote projection onto the ith coordinate. By Taylor’s theorem,
J!jo (R™,R) is a linear space. Moreover, the collection of products
BIU = {(xil - (mo)il) T (xiz - (xo)iz) | 1<l<k 1< ij < ’I’L}

is a basis for J% (R™,R)o. We use J*(R™,R)o to denote the trivial bundle obtained by assigning the
vector space Jfo (R™,R)o to each zp € R™.

For any f € C*(R",R™) and x9 € R", f induces a linear map J2 (f) : J}f(mo)(Rm,R)o — JE (R, R)o
by precomposition. The entries of Jfo( f) depend on the partials of f at xy up to order k. Moreover,
Jets behave nicely under composition; precisely, cho(f og) = ch20 (g) - JgQ(w0
multiplication. Often, we use J*(f) to denote the matrix-valued function zq — J2 (f). For example,
consider a smooth map f : R? — R? with coordinate functions fi, fo. The 2-jet J2(f), expressed with
respect to the bases B,, and By(,,) on J2 (R* R)o and J?(wo)(RQ,R)O, respectively, is

y(f) in the sense of matrix

9fr Ofa 0 0 0
a8k
0 0 0
Jy Jy 9 9
9 3f fs ofr Afz 9f1 0f2
J (f) = 0z2 0z2 oz oz Oz Ox
2n % (0n)\ (of)° 01 0fs
oy? oy? Yy Y dy Oy
’fL  0°fo 0f10fi Of20f> Of1 Ofs | Of2 Of1

Oxdy Oxdy Bz Oy z Oy ox Oy ox Oy
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In general, one has

(B.6) 172, () oo < max(2l (D)o 20 [1(D? fao [ -

C. COMPUTER ERROR ESTIMATES

In K3entropy, periodicExact.c, we use the GNU MPFR library to estimate each f¢(a;,b;) with high
accuracy. The program checks that the output estimates for ff(a;,b;) agree with (@j11 (mod 10),bit1
(mod 10)) up to twenty-nine decimal places, which we saw in Section was sufficient to apply Lemma
0.2l

The purpose of this section is to demonstrate that the values of ff(a;,b;) output by the computer are
accurate up to significantly more than twenty-nine decimals. To achieve this, we use interval arithmetic
to bound the errors produced throughout the computation. First, we recall the basics of floating point
arithmetic and the rounding procedures of GNU MPFR.

The GNU MPFR library performs floating-point operations with fixed precision. A floating-point
number is a real number of the form

1 N
P = 91
(C.1) +2 <2+;—2a12 )

where a; € {0,1}, N is the number of bits used in the mantissa, and p is an integer. The library allows
users to specify N and the allowed range of p. For fixed N and range [m, M], we call a floating-point
number representable if it can be written in the form |C.]1] - 1| for p € [m, M]. For instance, the smallest
positive value of a representable floating-point number is 2™ 1 5, and the largest value is oM (1 — 2%\,)

Given a real number z in the range [2™ 3,2 (1 — 5iv)], which we refer to as the allowable range, let
[z] denote the sum of the first N terms of its binary expansion. Then [z] is representable, and

|z —[x]] <27 27N
(C.2) <2-|xf-27W
= |z| - 27NHL

Throughout the section, set

ri= 27N+
When the rounding mode ‘MPFR_RNDZ* is enabled in MPFR, the built-in MPFR functions perform
exact calculations on floating-point numbers and round the result using []. For example, if we use +¢

to denote MPFR addition,
T,y =[x+
as long as z,y are representable and = + y is in the allowable range. The functions D, p,d;, f, f{ are
compositions of the elementary MPFR functions +., —, s,/ ./, and we use [D], [p], [o3], [f], [f{] to
denote their corresponding MPFR implementations. For example, given representable z,y, we have
[Dl(z,y) =100, (z -« 2) « (¥« y) + 8 L+ 2)(1+y -+ y)
—Al4zr) (I +z52) v (T+yy) « (L+ywy)

assuming that the intermediate values are in the allowable range. We aim to quantify the error introduced
by replacing ff with [ff], that is, to bound

I = fill

in terms of N.

Before beginning, recall the following identities of interval arithmetic:

a- B(z,r) = B(ax,ar)

a+ B(z,r) = B(zxta,r)
B(x,r) £ B(y,re) = B(x £y, 71 + 1r2)
B(x,r1) - B(y,r2) = B(wy,rim2)
Blen) _ pr et
Bly.r) < P Tl =™

1
\/ B(x,r1 BV, ————n
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where in the penultimate line we assume |y| — ro > 0, and in the last line |z| — r; > 0. All of the above
expressions have analogs when we instead use elementary MPFR functions. Using we find

a-+ b€ B(ab,abr)
a - B(z,r1) C B(az, |a|ry + (laz| + |a|ri)r)
at, B(z,m1) C B(x £ a,r1 + (|z| +r1)r)
B(w,r1) £4 B(y,r2) C B(x y,r1 + 72+ (|2 + [y + r1 + r2)r)
B(z,r1) -« B(y,r2) C Blzy,rire + (loy| + rirz)r)

B(z,r z x|+ T x|+
Bl G T+ 1+ Gl
B(z,m1), c:l?(y/7 L ——r+ (VT + .

77“1)7“)
|z — 1 2y/|z| = m

Lemma C.3. Assume N > 34, i.e. v < 1070, and the range [m, M] is sufficiently large. For all
representable z,y in the domain of ff,

L5 y) = f (2, )y < 4+ 10%

For example, if N = 500, then r = 2719 and §s. < 21071, which is much smaller than 10730,

Proof of Lemma[C-3 Our proof proceeds via a series of Claims.
Claim C.4. If x,y are representable and satisfy 0 < D(x,y), then |[a](z,y) — a(z,y)| < o where

5., = 20007
Proof. Recall that 0 < D(z,y) implies |z|, |y| < ¢ < 2.5 (Lemma [B.2]). Then

_ M
[a](z,y) = (14,75 @) 1+*y *y)

(
B(zy, c’r)
(7 B @) - 0+ B @)
B(xy, c*r)
B(l+a?,c2r+(1+c+c2r)r)« B(l+y?,c2r+ (142 4+ 027“)7“)*
B(xy, 9r)
B(1 +22,157) -, B(1 + 42, 157) "

B(xy,9r)
B((1+22)(1 +y2),2(1 + ¢2)(15r) + 10072 + ((1 + ¢?)2 + 2(1 + ¢2)(157) + 100r2)r)*
B(zy,9r) .
B((1+ 22)(1 + y?),300r)
|zy| + 9r
< By G 1 + y2)] = 30002
4+ 9r
C B(a(z,y), %

C B(a(z,y),2000r)

C

C

300r)

300r)

when 7 is sufficiently small. O

Claim C.5. If x,y are representable and satisfy 0 < D(xz,y), then |[B](x,y) — B(z,y)| < iz where
dg == 2000r.

Proof. The proof is similar to that of Lemma O

Claim C.6. If z,y are representable and satisfy 0 < D(x,y), then |[D|(z,y) — D(z,y)| < dp where
5D = 1061".
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Proof. As in Lemma [C.4]

[D](z,y) = [100 -« ((z -« )« (-« ¥))] ++ [8-5 (L+4 (2 ) -« (L44 (4 )]
= [ (A (@) e (e (@40 2))) o (L (e 9) o (L (1))
(C.7) C[100 -, (B(x2 c*r) -, B(y? e 7"))] < [8 % (144 B(2?,¢%r)) -« (1 ++ B(y?, %))
(C.8) = [44 ((L 44 Ba?, ) o (L B(2,¢%r) - (144 B(y?,¢°r) - (1 +4 B(y?, ¢*r)))))]

The sum is contained in

[100 -, B(x?y?, 2¢*r + c*r? + r(c* 4 2¢* + ¢*r?))]
Fo 8 (B(142%,Pr+r(1 4 +c2r)) « B(L+ 92, r +r(1+c +c2r)))]
C [100 -, B(z%y?,2437)] 4+, [8 -« (B(1 4 2%,107) -, B(1 + 4%, 10r))]
C B(1002%y?,100(243r) + r(100c1))
. (8 B((1 4 2)(1 + y?),20r(1 + ) + 1007 4+ 7((1 + ¢*)? + 207 (1 + ¢*) + 100r%)))
B(1002%y2,3 - 10*r) +, (8 -, B((1 + z%)(1 + ¢?), 300r))
B(100z2y2,3 - 10%r) 4+, B(8(1 + z2)(1 + 3?), 3007 + r(8(1 + %) + 3007))
B(100z%y2,3 - 10*7) +, B(8(1 + 22)(1 + 4?), 400r)
B(100z%y? + 8(1 + x2)(1 + ¢?), 3 - 10%r + 4007 + 7(100c* + 8(1 + )% 4+ 3 - 10°r + 4007))
B(100z%y? 4+ 8(1 + z%)(1 + y*), 3 - 107 + 4007 + 4500r)
B(100z%y? + 8(1 4 2%)(1 + 4?), 3.5 - 10%r).

Moreover, the term [C.8|is contained in

4 (BA+a* r+r(l++ )« Bl +a2®,Pr+r(l+ & +c%r)))
w(Bl+y* r+r(l++Pr) o« Bl +y? Er+r(l+ ¢ +cPr)))
o (B +22,107) -, B(1+22,107)) -, (B(1 +y%,10r) - B(1 +4?,10r))
C 4 (B((142%)2,20r(1 + ¢*) + 1007 + r((1 + ¢*)? + 20r(1 + ¢2) + 100r?)))
w (B((1+9%)%,20r(1 + ¢*) + 1007 + 7((1 + ¢*)* + 20r(1 + %) + 1007?)))
C 4 (B((142%)?2,300r) - B((1+y*)?,300r))
C4- B((1+ 2221 +9%)%,600r(1 4 )% +9-10%2% + (1 4+ ¢A)* +600r(1 + )2 + 9 - 10*72))
B((1+2*)2(1+y%)%3.5-10%)
B4+ 2321 +9%)%4-35-10* +r(4(1 + A)* +4-3.5-10%))
1+ 22)%(1 +y%)%, 1.5 - 10%7).

Thus
[D](x,y) € B(100x2y* + 8(1 + 2?)(1 4+ 4?),3.5 - 10*r) —, B(4(1 + 2*)*(1 +4*)?,1.5 - 10°r)
C B(D(z,y),3.5-10* + 1.5 - 10°r + r(|D(z,y)| + 3.5 - 10*r + 1.5 - 10°r))
C B(D(z,y),(3.5-10* + 1.5 - 10° + |D(x, y)|)7).
Now Lemma [B.2] implies |D(z,y)| < 1.5 - 10? so we obtain
[D](l’,y) € B(D(xvy)32 ! 1057‘),

as desired. O

Claim C.9. If z,y are representable and satisfy 1 < |D(z,y)|, then |[p+](x,y) — p+(z,y)| < 6, where
5, = 1.6 10°.
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Proof. Let C'=1.5-10* so that [D(xz,y)| < C. Recall px = —5a & $3D%5. Therefore

1

pl(z,y) = (=5« [al(z,y)) £ (5« ([Bl(z,9) « VIDPI(z,9),))

€ —H -y B(a(ﬂﬁ,y), 504) == (% % (B(ﬁ(x, y)véﬁ) %V B(D(ma y)7 5D)*))
C B(=5a(x,y),5ds + r(5|la(z,y)| + 5s))

£ (54 (B3 90,99« BOYPGw), gt + (Y D00) + i)
€ B(=50(2.9).58, +6r) & (5 -+ (B(3(r.9).85) - BYDla3). 5b + 7))
- B(—5a(a:,y), 55(x + 6T) :l:* (% Tx (B(,B(J?,y), 65) Tk B( V D(.’E,y), 1'015D + 7“\/5)))

B(—ba(x,y),50q + 67)%,

[; o B( Bz, y) /Dl ), 05v/C + 1.016p + 1V/C + 85(1.016p + rV/C)
+7(VC +63VC +1.016p + vV C + 65(1.016 + r\@)))]
C B(—5a(x,y), 504 + 67) £, (% -« B(B(x,y)\/D(x,y),05VC 4+ 1.016p + rVC + r(vVC +1))))

where in several lines we use |8(z,y)|, |a(z,y)| < 1. Then from Lemmas and we have

p21(r,) € B(~5a(z,y),2-10°) &, (5 - B(3(x,9)v/Dlw,9), 1.3 10°)
C B(p+(z,y),2-10°r + 1.3 - 10°7 + cr)
C B(p+(z,y),1.6 -1057),
as desired. In the second line, we used that multiplication by any power of 2 is implemented without

rounding whenever the result is in the allowable range. [l

Claim C.10. Ifz,y, z are representable and satisfy D(z,y), D(z, z), D(y, z2) > 0, then ||[o5](z, y, 2) — o0i(x,y, 2) |5 <
05 for each 1 < i < 3, where

05 = 108, + 1471
Proof. Recall

o1(x,y,2) = (—z — 10a(y, ), y, 2).
Thus
[01](z,y,2) € (=2 — (10 -« B(a(y, 2),da))) x {y} x {2}
C (—z — B(10a(y, 2), 1004 + r(10 4+ 1064))) x {y} x {z}
C B(—z — 10a(y, 2), 104 + 7(10 + 106,) + 7(c + 106 + (10 + 108,))) x {y} x {z}
C B(—z — 10a(y, ), 10, + 11r + 3r) x {y} x {z},

concluding the proof. O

Claim C.11. For all representable x,y, z satisfying D(z,y), D(x, z), D(y, 2), ||[f](z,y, 2) — f(z,y, 2)|| <
0y where

5 = 6,(1+ 10+ (10)?)
Proof. Well
2
b5 <06 + 06Dl cocx(ry) + 0ol Dollco x (x))
and we apply [[Doil x () op < 1Dl x () 00 With the derivative bounds from Lemma O

op —
Claim C.12. For all representable x,y satisfying (x,y) € B:(0), ||[f{](x,y) — f{(z,y)|ly < 05 where
e = 0p +9(10)%6,
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Proof. Well

ILf1() =

and we conclude with Lemma [B.4]

fi@lly < NIf o @il(x) = f o wi(w)lly

<d5+ 5p||Df||X(R),op

Combining all the claims, we find 6y < 4- 1087, as desired.

D. TABLES

) D(ai, bl) 811)(&1', bz) 82D(ai, bl) 811D(ai, bl) 8227)(6%, bl) 812D(ai, bl)
0] 114.24 136.59 -45.98 -419.46 -441.48
1 8.71 -22.00 15.52 39.45 13.84
2| 70.23 86.57 -124.38 -58.60 -2.96
3 8.59 -40.85 4.26 113.57 -24.69
41 108.31 39.04 162.94 -260.04 -171.83
5| 10.43 23.28 -23.28 28.55 28.55
6| 108.31 -162.94 -39.04 -171.83 -260.04
7 8.59 -4.26 -40.85 -24.69 113.57
8| 70.23 124.38 -86.57 -2.96 -58.60
9 8.71 15.52 22.00 13.84 39.45

TABLE 2. Estimates for R, M, K

Li = (Df{)o

—0.2159 —0.3755
—0.4694  0.4623

1.7718 —2.1227>

—12.3247 16.3690

0.3539 —4.7730
0.4185 —4.6570

—3.1432  —0.4406
—0.0916 —1.1425

(
(
(

0.4583 0.1150
0.6163 0.8316

1.4772 —1.9866
0.3707 —2.6806

0.8852 0.0258
0.1241 0.3218

1.0118 1.1967>

13.6472 13.3154

—0.6239 —4.3400

0.7475 5.7641

1.3601  1.6743
0.3730 —2.2037

TABLE 3. Estimates for (Dff)o
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