THE MEASURE OF MAXIMAL ENTROPY FOR RANDOM
SKEW PRODUCTS ON COMPACT COMPLEX SURFACES

ETHAN COHEN

ABSTRACT. Let X be a compact complex surface. We prove that the skew
product associated to a Borel probability measure p on Aut(X) admits a
unique invariant measure of maximal fiber entropy, assuming that p satis-
fies a logarithmic integrability condition and that supp(u) generates a non-
elementary subgroup of Aut(X). We describe this measure canonically in
terms of the random limit currents constructed by Cantat and Dujardin,
and show that its fiber entropy is equal to the Furstenberg exponent of the
associated random action on cohomology. Under an exponential moment
assumption, we prove that it is mixing.
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1. INTRODUCTION

1.1. Motivation and main result. Let f be a biholomorphism of a compact
complex surface. It is well known that if f has positive entropy, then there exist
nonzero closed positive (1, 1)-currents Tf+ , T satisfying

st + *p— _ y—1lp—
fo—)\Tf, fo—)\ T;
where A € R+ is the spectral radius of the action of f* on cohomology, and such
currents are unique up to scaling (see [7], [11], [12]).
The currents T]it have continuous potentials, so their wedge
N
my = Tf A Tf

is well-defined in the sense of Bedford-Taylor (see [3] and Section 2.11). The

measure my is a nonzero finite Radon measure on X that we assume to be

normalized to be a probability measure, and it is the unique f-invariant probability
1
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measure having maximal entropy (see [7], [14]). By theorems of Gromov (see
[20]) and Yomdin (see [34]), we have hsp(f) = In A, so the variational principle
(see [23], Theorem 4.5.3) implies A, (f) = In A.

Similar results hold in other complex dynamical systems, including polynomial
diffeomorphisms of C? (see [1]), more general birational maps of surfaces (see
[14]), and some higher-dimensional settings (see [11], [12]).

The goal of this article is to prove an analogous theorem for a skew product
associated to a random dynamical system on a compact complex surface X.
Precisely, endow the group of biholomorphisms of X, denoted Aut(X), with the
topology of uniform convergence, and consider a Borel probability measure p on
Aut(X). Define the skew product associated to p by

F:OxX—>0xX, (wz)— (0cw),wo(z))

where Q = (supp )%, o: Q — Q is the left shift, w = (...,w_1,wo,w1,...) € Q,
and z € X. In Section 2.6, we recall the notation of fiber entropy hy for an
F-invariant Borel probability measure v on 2 x X.

Assume that I', := (supp i) is a non-elementary subgroup of Aut(X) (see
Section 2.1), meaning that I', contains a non-abelian free group, and that g
satisfies the moment condition

(1.1) [l fles +10 )77 o) ) < o

From the associated random action on cohomology, we obtain a Furstenberg
exponent, ),, and almost-everywhere defined Furstenberg limit classes in the
boundary of the Nef cone (see Section 2.5).

In [8], Cantat and Dujardin prove that there exist unique unit-mass closed
positive (1,1)-currents 7,1, T, whose cohomology classes are the forward and
backward Furstenberg limit classes determined by w (see Section 2.5). Moreover,
they demonstrate that the 7% have continuous potentials. Therefore, we may
consider their wedge 7.7 AT, in the Bedford-Taylor sense. The classes [T.}] and

[T;] are distinct almost surely, so 7.7 A T, defines a nonzero Radon measure on
X. Let my, denote the normalization of this measure, that is,
1
my, = ————T T AT,
S TE ATy

We prove the following:

Theorem 1.2. Let X be a compact complex surface and . a Borel probability
measure on Aut(X) satisfying the moment condition (1.1) and such that T, =
(supp p) is non-elementary. Then the measure

me= [ (6 @me) di(w)
s the unique one in the class
S(p) = {I/ € Prob(Q2 x X): Fov =v and p,v = ,uZ}
with mazimal fiber entropy. Moreover, m has fiber entropy h;, = Ap-

Remark 1.3. F-invariance of m follows immediately from the equivariance prop-
erty of the currents 7.5 (see Remark 2.44).
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Remark 1.4. We will see in Appendix C that m admits a product structure along
local stable and unstable manifolds.

As we will explain in the next section, the new aspect of Theorem 1.2 is the
uniqueness of the maximizing measure and its identification in terms of the
Cantat—Dujardin limit currents.

1.2. Some remarks. The following theorem is a combination of several results:
a variational principle on S(u) due to Bogenschiitz (see [4]) and Kifer (see [25]),
an extension of Yomdin’s theorem to the random setting due to Yomdin and Kifer
(see [26]), and the observation that Gromov’s theorem applies in the random
setting (see Appendices A and B).

Theorem 1.5. We have
sup hl = Au-
veS(n)
By compactness of S(u) (see Remark 2.3) and upper-semicontinuity of the
entropy function v+ h (see [25], Lemma 2.1), the supremum in Theorem 1.5
is achieved. Thus, there exists a measure in S(u) with maximal fiber entropy.

Remark 1.6. By Cauchy’s estimate, the C''-norm in (1.1) can be replaced by the
C*-norm for any k > 1.

Remark 1.7. Recall that a u-stationary Borel probability measure 7 on X induces
a unique F-invariant Borel probability measure v on 2 x X that pushes forward
to 7 x ¥ under the projection Qx X — Q4 x X (see [31], Proposition 1.1.2). Here
Q. = (supp )Y denotes the space of futures. The set S(u) therefore contains
those measures on 2 x X obtained from p-stationary measures on X.

1.3. Proof outline for Theorem 1.2. The proof follows the same strategy
used to show that a single positive-entropy automorphism of a Kéahler surface
admits a unique measure of maximal entropy (see [1], [7], [14]).

We fix a measure v € S(u) satisfying h? = Au; by the ergodic decomposition,
we may assume that v is ergodic. Then we consider a measurable partition 7
subordinate to the unstable manifolds of v (see Definition 2.30) such that 7 is a
refinement of the partition into fibers of the projection p: Q2 x X — € and

hy = H(F 'y | n);

such a partition was developed in the proof of the Ledrappier-Young entropy
formula (see [28]) for a single automorphism and later extended to the random
setting (see [31], [32]).

Let n,(x) be as in Definition 2.30. The conditional measures of v with respect
to n, denoted vy, ;), satisty

Vn(w,e) = 0w @ Uy, ()
for some Borel probability measure v, () on X. The key step is to prove that
conditionals of v on 7 are proportional to so-called slices of T/} (see Section 2.12)

on the atoms of 1, meaning
(1.8) Vi (2) :N(Tj\nw(x))

v-almost everywhere, where N (-) denotes the normalization of a finite positive
measure. This is encouraging because, if we assume m is hyperbolic (which is
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not a priori true), then m also has the slice property in (1.8) by the product
structure of m in Pesin boxes (see Appendix C).
Using the ergodic theorem, we will prove that, for v-generic (w, x), the sequence

1 N-1
N Z Flvn(w,a)
n=0

converges weakly to v in the sense of Section 2.1, with f as in Notation 2.10.
By (1.8), we have

N Z « Vn(w,a) = N Z(SU"W w Nw ()
n=0

1 N-1
(19) = % Z o™ (w) (fg)* (T‘j|77w($))

2

We will prove that a subsequence of the averages in (1.9) converges to m as well;
hence, v = m.

Assume for simplicity that 7, (x) is a holomorphically embedded closed disk in
X and ¢: X — R>g is smooth and satisfies (supp ) N In,(z) = @. It will follow
from Proposition 3.1 that, for all p > 0, there exists a subsequence (n;);eny of N
with upper-density (see Definition 2.48) greater than 1 — p along which

(1.10) (fa)eme — (FEN (TS A pnw(2)]) — 0

as i — oo in the weak sense of measures, where the wedge (T.] A ¥[n,(z)]) is
defined as in Section 2.11. The proof of (1.10) in Proposition 3.1 passes through
approximation at the level of currents. That is, the currents (f7).(¢[n,(z)]) are
well-approximated, up to normalization, by T ., ) when ¢ is large.

By the definition of upper-density, (1.10) implies that there exists a sequence
N; — along which, roughly speaking,

— Z Sonw) @ (F1)um — Z Oon(w) ® (J2)-N(TF Apln(x)]) ~ 0

for 4 large, where the approximation depends on p.
By the ergodic theorem,

| Nl
ﬁ Z (50"(w) ® (fg)*mw —m
¥ n=0
as ¢ — oo; thus,
me Z Gy ® (F)N (TS A lns(@)]) ~ 0

for ¢ large. Here again the approximation depends on p. Taking p — 0 and
replacing the wedge T, A ¢[n.,(z)] by the slice T} ‘77 (x) B justified in Step 2 of
the proof of Theorem 1.2, we obtain

N 2 done ® DN (LS, ) =
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SO M = V.
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2. PRELIMINARIES

For a much more comprehensive introduction to random dynamical systems
on compact complex surfaces, we refer the reader to [8].

2.1. Notation and setup. So far, we have stated our results for compact com-
plex surfaces. However, any compact complex surface admitting an automorphism
of positive entropy is Kéhler (see [7]). In fact, the existence of a non-elementary
subgroup of Aut(X) forces X to be projective (see [8], Theorem E). Henceforth,
we specialize to the projective setting.

Fix once and for all a Kéhler form kg with f ko A kg = 1; the form kg induces
a Riemannian metric on X. Given a € H"!(X,R) define the mass of a to be
M(a) == [y a A Ko, and take the same definition for any closed (1,1)-current.
We also fix a Euclidean norm |[|-]] on HY1(X,R) to use for the remainder of the
paper, which we will later assume is adapted to the intersection form.

Let Kah(X) denote the Kéhler cone, NS(X, Z) the Néron-Severi group, NS(X) :=
NS(X,Z) ®z R, Amp(X) = NS(X) N Kah(X) the ample cone, and Nef(X) =
NS(X) N Kah(X) the nef cone. Let Psef(X) denote the pseudo-effective cone,
consisting of cohomology classes of closed positive currents. We note the inclusions

Amp(X) C Nef(X) C Psef(X).

Remark 2.1. Mass is positive on Kah(X), and thus positive on Amp(X) and
nonnegative on Nef(X). Moreover, mass is nonnegative on Psef(X) since kg
pairs nonnegatively with positive currents.

Remark 2.2. The collection of classes with unit mass in Psef(X) is compact.
Combined with the scaling equivariance of mass and ||-||, we find that there exists
C > 0 such that M (a) < [la]| < CM(a) for all a € Psef(X).

Throughout, Prob(X) and Prob(£2 x X) denote the sets of Borel probability
measures on their respective spaces We equip ©2 and 2 x X with the product
topologies. Given py,, u € Prob(X), we say p, — pu weakly if

/fduﬁ/fdu

for all f € C(X). Given v,,v € Prob(2 x X), we say v, — v weakly if

/fdyn—>/fdu

for all f € Cy(92 x X), the set of bounded continuous functions.

Throughout, u”-measurable means measurable with respect to the u”-completion
of the Borel o-algebra on Q. Moreover, once a measure v € Prob(Q2 x X) is fixed,
v-measurable means measurable with respect to the v-completion of the Borel
o-algebra on €2 x X. For maps into a topological space, the target is endowed
with its Borel o-algebra unless otherwise stated.
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Remark 2.3. Let L*(Q, C(X)) denote the collection of Borel-measurable functions
f: Q2 x X — R such that f, = f‘ (w}xX is continuous for almost every w and

Jo Il fsll o dp®(w) < oo. Since pyv = p”, we have L*(Q,C(X)) C L*(v) for every
v e S(u). For v,,v € S(p), write v, — v if, for each f € LY(Q, C(X)),

/fdyn%/fdy.

Then S(u) is compact in this topology (see [25], Lemma 2.1).

Remark 2.4. For each v € S(u), since Q and X are standard Borel spaces, there
exists a Borel measurable assignment {2 — Prob(X), where Prob(X) is endowed
with the weak topology, such that

v= [ o) diw)
Q

(see Theorem 8.5 in [22]). The measures v, are the conditional measures of v
along the fibers of p : © x X — Q, and are uniquely determined for p%-almost
every w.

2.2. Action on cohomology. Aut(X) acts on the cohomology groups of X via
pull-back, preserving the Hodge decomposition. By the Hodge Index Theorem,
the intersection form

)= [ ans

is Minkowski on H1! := H11(X,R). We therefore get an anti-homomorphism
7 Aut(X) — SO(1,dim H%! — 1), defined by 7(f) := f*. We assume from now
on that the norm ||-|| on H! is adapted to the intersection form.

Let I', denote the subgroup of Aut(X) generated by the support of p, and I
denote the image of I'), under 7. We assume that I, is non-elementary, meaning
that the following equivalent conditions hold (see [8], Appendix A):

(1) '), contains a non-abelian free subgroup in which every non-identity
element has positive entropy.
(2) I'}, contains a non-abelian free subgroup.

Unless otherwise stated, we assume throughout that j satisfies (1.1) and that I,
is non-elementary.

By projectivity of X, the restriction of the intersection form to NS(X) has sig-
nature (1, p—1) where p := dim NS(X). Hence 7 induces an anti-homomorphism
m: Aut(X) — SO(1,p —1).

By Proposition 2.11 of [8], there exists a I',-invariant subspace NS(X), C
NS(X) on which (-, -) is Minkowski and the action of I';, on NS(X) is strongly
irreducible, meaning that there exists no I')-invariant finite union of proper
subspaces of NS(X)4. Moreover, the intersection form is negative definite on
NS(X)+ c HYY(X,R). Throughout, we let H,, denote the connected component
of

{v e NS(X)4 | (v,0) =1}

intersecting the Kahler cone. Then H, is a hyperbolic space on which I, acts by
isometries. We view its boundary 0H,, as a subset of P(NS(X)).
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2.3. Potentials. For the rest of the paper, we fix Kéhler forms k1, ..., kK, whose
cohomology classes form a basis of H"! and fix a volume form V on X with
f + V = 1. We choose the basis so that one of the x; is k9. Any closed positive
current 7' on X with bidegree (1,1) determines a cohomology class [T] € H!
which can be written uniquely as a linear combination [T] =Y ¢;[k;]. Let

G(T) = ici,‘ii.
=1

In particular, O(kg) = Ko.
There exists a unique p(T) € L' (V) such that [y o(T)dV =0 and
ddp(T) =T — 6(T)
(see [21], Section 8.1). The function ¢(T') is called the normalized potential of
T with respect to the x;’s and V. A different choice of V' changes ¢(T") by an
additive constant.

The following appears as Corollary 6.2 in [8]. We let Z; denote the set of
closed positive (1,1)-currents with unit mass.

Lemma 2.5. The set
p(Z1) ={p(T) | T € 21}
is compact in L1(V).

Indeed, Cantat and Dujardin note that compactness of Z; combined with the
continuity of © implies that there exists A € R such that each of the potentials
in p(Z2;) is Ako-plurisubharmonic. Then Lemma 2.5 follows from Proposition
8.5 and Remark 8.6 of [21].

Corollary 2.6. The restriction ¢ : Zy — L' (V) is continuous.

Proof of Corollary 2.6. Let (T),)nen be a sequence of currents in Z;, and suppose
T, — T weakly. Then O(T,) — ©O(T) since O is continuous. Now, if ¥ is
an accumulation point of {¢(Ty)},cy in LY(V), then dd®p(T,) — dd“y weakly.
Thus T'= ©(T') + dd4. But ¢ is normalized and ¢(7T) is the unique normalized
potential for T, so 1) = ¢(T). Since p(21) C L' (V) is compact by Lemma 2.5, it
follows that (T,,) — ¢(T) in L1 (V). O
2.4. A semi-norm on currents. The following construction will be convenient
in the proof of Proposition 3.1. Let B;(H%!) denote the unit ball in H! with

respect to our fixed Euclidean norm. Define a semi-norm ||-||g on the vector
space of (1,1)-currents on X by

IClle = sup |(C[O())].
[)e By (H1 )

Define the distance between two currents C1, Co by
d@(Cl,CQ) = ||01 — Cg”e.

Remark 2.7. If C1 and Csy are positive (1, 1)-currents, then M (C;) = (C; | ko) for
i =1,2. Since O(ko) = Ko, it follows that

[M(C1) — M(Ca)| = |(C1 = C2 | ©(0))| < [[[ro]llde(C1, Ca).-

Remark 2.8. The semi-norm ||-||g satisfies the triangle inequality and is continuous
with respect to the weak topology on currents.
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2.5. Furstenberg theory on cohomology. By Lemma 5.1 in [8], there exists
C > 0 such that

17 e < CHL Nl
for all C! maps f: X — X. Thus the moment condition (1.1) implies

(29) SO0 s+ 10 )6 g () < 0

which allows us to apply Furstenberg theory to the action on H!.

Notation 2.10. Let w = (..., w_1,wp,w1,...) € Q. Throughout the paper, we
use the notation

no.— -n ._ =1 -1
fo=wp_10---owg and f " i=w_ 00w ;]

where n > 1. For convenience, we let fO be the identity map.

Theorem 2.11 (Furstenberg, [18]). Let a € Psef(X) with {(a,a) > 0. For
pN-almost every w € Q4 = (supp )Y,

1

+ R Y & < () %
© W= e e
exists and is independent of a. By construction, M (e (w)) = 1. Moreover,

e (w) € Kah(X) and its projective class is contained in OH,,.

Remark 2.12. The usual Furstenberg limiting direction is only defined up to
projective class, but since Aut(X) preserves the Kihler cone, e™(w) is an honest
cohomology class.

Remark 2.13. The projective classes [eT(w)] € 0H,, are distributed with respect
to the Furstenberg measure on 0Hl,, denoted pur. The measure pr is simply the
push-forward of N under w + e¥(w). Moreover, ur is the unique p-stationary
measure on PH! giving zero mass to P(NS(X)1) (see Chapter 3 of [5]). Strong
irreducibility implies that pr gives no mass to any proper projective subspace in
P(NS(X)4).

Remark 2.14. The backwards limit classes e~ (w) are defined analogously by
instead taking n — —oo. Notice that e (w) is independent from e™(w), so it
follows from the non-atomicity of ur in Remark 2.13 that the two are generically
distinct.

Theorem 2.15 (Furstenberg, [18]). There exists A, € Rsq such that for p”-
almost every w € Q and every a € HY'(X,R) with (a,a) > 0,

Ao = Jim L (72"l =~ tim > Inf[(72)"al.
Remark 2.16. If additionally a € Psef(X), then by Remark 2.2 we also have
. 1 n\*
A = ingglooﬁlnM((fW) a).

Remark 2.17. The positivity of the exponent ), is guaranteed by Furstenberg’s
theorem (see [5], Theorem II1.6.3) since I';, is non-elementary.
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Remark 2.18. The limits in Theorem 2.15 are equal because matrices in SO(1, p—
1) have determinant 1 and admit unique expanding and contracting singular
directions in the adapted norm.

The following mass-version of Furstenberg’s formula is obtained by Cantat and
Dujardin from the usual Furstenberg formula using the Birkhoff ergodic theorem
and compactness considerations.

Theorem 2.19 (Furstenberg, [18]; Cantat-Dujardin, [8, Section 5]). Recalling
the notation w = (w;)iez, we have

he= [ M (et (o) i)

2.6. Fiber entropy and its basic properties. In this section, we define fiber
entropy and recall some basic facts used in the paper. See, for example, Appendix
A of [31] or [25].

Remark 2.20. When a measure v € Prob(2 x X) is fixed, notions such as
measurable partitions, conditional measures, and entropy are understood with
respect to the v-completion of the Borel o-algebra on 2 x X. With this completed
o-algebra, 2 x X is a Lebesgue probability space.

Definition 2.21 (Fiber entropy). Let 7o denote the o-algebra generated by
the partition of 2 x X into fibers of p: 2 x X — Q. Define the fiber entropy of
F-invariant v € Prob(2 x X) by

hr = hie(F)

v

where h)?(F) is the ng-conditional entropy of F (see [31], Definitions 0.4.1 and
Appendix A or see [25], Section 2).

Remark 2.22. In the case that v € S(u) and hz(0) < oo (the second property

holds, for example, when p is finitely supported) we have hY = hy, (F) — h,z(o).

Given a finite measurable partition 17 of X and 7 a probability measure on X,
recall

(2.23) H.(n) = —/XlnT(n(x))dT(x).

Let v € S(u) be ergodic and recall the disintegration from Remark 2.4. For any
finite measurable partition n of X,

n—1
(2.24) hl (n) == lim lHVw (\/(ffj)—ln>

n—oo N
k=0

exists and is constant p%-almost surely. Moreover,
(2.25) hy, = sup {h} () | 1 is a finite measurable partition of X }

where h7 is the fiber entropy as defined in Definition 2.21 (see Theorem II.1.4 of
[24] or [4]).

Fiber entropy satisfies many properties analogous to entropy for a single map;
see, for example, Chapters 0 and 1 of [31].
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2.7. Recollections from Pesin theory. The following constructions are stan-
dard in Pesin theory, and can be found for example in [31]. Note that v € S(u)
might not be induced by a stationary measure on X, and therefore is not explicitly
considered in Liu-Qian. However, the theorems from [31] which we cite also apply
to ergodic v with the same proofs. See also Section 5 of [6], where our situation
is explicitly considered, or [32].

Theorem 2.26 (Oseledets’ multiplicative ergodic theorem). Suppose v € S(p)
1s ergodic. There exist v-measurable assignments

(w,z) = Eg(x),  (w,z)— Ej(x),
where EY(x), ES(x) are complex subspaces of T, X, and real numbers A5 < \“
such that, for v-almost every (w,z) € Q@ x X, T, X = EY%(x) ® ES(x) and for
every v € Ef/u(x) \ {0},
1
lim —In || Df| = A%/

n—too N

Remark 2.27. It might be that A* = A%, in which case we allow one of E*, E“
to be trivial. In the case that X admits an Aut(X)-invariant volume form, for
example when X is a K3 surface or a complex torus, we have A\* + A\* = 0.

Definition 2.28 (Hyperbolic measure). We call an ergodic measure v € S(u)
hyperbolic if A° < 0 < A"

Let
1
Wi(x) = {y e X: le ﬁlnd(fgy, fox) < 0} ,

1
Wh(x) = {y €X: li_>m Elnd(f;”y,fw_"x) < 0}.

In Section 7 of [8], the following is stated as a consequence of Pesin theory in the
situation of v obtained from a stationary measure. Again, it holds for arbitrary
hyperbolic v € S(u).

Theorem 2.29 ([8], Proposition 7.11). Suppose v € S(u) is ergodic and hy-

perbolic. Then, v-almost everywhere, Wj/u(m) are injectively immersed entire
curves. That is, there exist holomorphic injections ¢*/* : C — X parameterizing

Indeed, as noted in [32] and [6], the construction of Lyapunov charts in
Chapter 6, Section 3 of [31] is identical with the same proofs, and therefore
we have the local stable manifold theorem (see Chapter 6, Section 4 of [31]; or
Theorem 6.4 of [6]; or Proposition 7.9 of [8]). By holomorphicity of the maps f”,

the manifolds W/ “(x) are J-invariant and thus complex submanifolds. In fact,
they are holomorphic immersions of C (see [8], Proposition 7.10).

2.8. A special partition. Throughout this section, we assume that v € S(u) is
ergodic and hyperbolic.

Definition 2.30 (Subordinate partition). A v-measurable partition 7 of Q x X
is called subordinate to unstable manifolds of v if, for v-almost every (w,x), we
have
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(1) nu(z) ={y € X | (w,y) € n(w,z)} C Wi(z) and
(2) there exists some open neighborhood U(w,z) of z in W¥(x) such that
U(w,z) C ny,(z).
v-measurable partitions subordinate to stable manifolds are defined analogously.

Let (¢, .y denote the Lebesgue measure on W (z) induced by our fixed Rie-

mannian metric on X associated to k.

Proposition 2.31 (Proposition 5.2 in Chapter VI of [31]). There ezists a partition
n of Q x X subordinate to the unstable manifolds that further satisfies
(1) Fn<n,
(2) Vn>0F ~"n is the partition into points.
(3) the sigma-algebra generated by Np>0F"n agrees with the one generated by
unions of unstable manifolds, up to v-measure 0, and
(4) for every v-measurable subset B C Q x X, the function

(w,z) = A} )(n(w,x) N B)

(w,x

18 v-measurable and v-almost everywhere finite.

Remark 2.32. We may further assume that n is a refinement of the partition of
Q x X into the fibers of p.

Remark 2.33. Tt follows from the construction in [31] that there exist v-measurable
functions r;: 2 x X — R+ such that

Wi ) (W, T) C (@) C Wi, (W, z)

T1 T2

almost surely, where W¥(w, x) denotes a ball of radius r about x in WY (z) with
respect to the induced metric.

Throughout, we let v, ;) denote the conditional measure of v on the atom
n(w, z), and recall from the introduction that we write

Vn(w,z) = Ow & V()

where v, ;) € Prob(X). We let H(F~'n | ) denote the conditional entropy of
F~19 given 7, defined by

My 1) = = [ 1ty (F (0P ) .

Proposition 2.34 (Corollary 7.1 in Chapter VI of [31]). Let n be a partition
satisfying Proposition 2.31. Then H(F~'n|n) = hi.

2.9. The Ledrappier-Young formula. The results cited in this section are
used only in Lemma 2.69, where we show that positive fiber entropy rules out a
degenerate case where almost surely v, is a uniform measure on a finite union of
irreducible curves.

Let B}(w,z) denote the ball about z in W¥(x) with radius 7 in the induced
Riemannian metric on W} (x), and define B (w, x) analogously. Given measurable
partitions n* and n® subordinate to unstable and stable manifolds, respectively,
let

In (v, o (BY
dim"“(v, (w, x)) = lim n(”nw(m)( r(w,x)))
r—0 Inr
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and

S
dim®(v, (w, z)) = lim In (v @) (B (@, 2))) .
r—0 Inr
Notice that dim®"“(v, (w,z)) do not depend on the choices of subordinate parti-
tions, since any two such partitions will have conditional measures that agree on
overlaps up to normalization.
The following theorem is stated in our setting as Proposition 6.10 of [6]. It is
essentially due to Ledrappier and Young (see [29]).

Theorem 2.35. We have
hr = N dim¥(v, (w,z)) = —A* dim® (v, (w, z))
almost surely.
As a corollary, we obtain the following.

Corollary 2.36. The following are equivalent:
(1) bl >0
(2) for every v-measurable partition n* subordinate to the unstable manifolds,
Vpu(z) @8 non-atomic almost everywhere
(8) for every v-measurable partition n® subordinate to the stable manifolds,
Vps,(z) 1S mon-atomic almost everywhere

Remark 2.37. Our setup is invertible, meaning that the map F~! is contained
in the class of skew-products we consider. Indeed, consider the inversion map
v Aut(X) — Aut(X) defined by «(f) = f~! and let i = t,u. Then we get a
skew-product F : (supp i)Z x X — (supp i) x X defined as before.

Let Flip be the involution of Aut(X)% defined by Flip(w); :== w~; ;. Notice

i
that T+ = T

Flip(w)" Moreover,

Flip x id : Aut(X)% x X — Aut(X)%Z x X
conjugates F~1 to F, SO
v = (Flip x id).v
is F-invariant. The conjugacy sends the stable directions of v to the unstable
directions of 7, and the unstable directions of v to the stable directions of D.

Proof of Corollary 2.36. By the invertibility discussed in Remark 2.37, it is suffi-
cient to prove that (1) and (2) are equivalent.

We first show that the negation of (2) is equivalent to the a priori stronger
assertion that z is an atom of v, () almost everywhere. Let n" be some v-
measurable partition subordinate to the unstable manifolds of v, and suppose
that the set of (w, ) such that v, (,) contains an atom has positive measure. For
r > 0 let S, denote the set of (w, ) such that v, (,) contains an atom of mass
greater than r. Then for some r, S, has positive measure. Let

Pr={(w,2): vy, (y({z}) > r}.
Now P, is v-measurable. To see this, we prove (w,z) = v, ({z}) is v-
measurable. Write

Vo) ({2}) = T vy (2 (Bs(2))-
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Now

(w7$) = Vm,(x)(Bs(x)) = /X ]lBS(z)(y) anw(:Jc)(y)

is v-measurable by a standard measurable kernel argument. Indeed, note that
(z,y) = 1p, () (y) is measurable and (w,z) ~ v, (,) is a v-measurable kernel
2 x X — X, so apply Lemma 3.2 (i) of [22].

For every atom n,(z) where (w,z) € S, we have v, (P.) > r. By the

n
disintegration of v with respect to conditional measures, it follows that

v(P,) > rv(Sy)
which is positive. The set
{(w,z): x is an atom of v, ()}

is F-invariant, and since it contains P, we just showed it has positive measure;
hence, it has full measure by ergodicity.

Now if z is an atom in v, (,), then dim"(v, (w,x)) = 0 and by Theorem 2.35
we get b7 = 0. Thus (1) implies (2). Conversely, suppose h? = 0. Letting 7" be
the special partition from Proposition 2.31,

1 —-n, U U
0=hy = —H(F """ [n")

for all n > 1 by Proposition 2.34 and F-invariance. So we get that, for all
n > 1, Vyu(, z) is supported on F~"n"(z) almost surely. But lim,,_,o, F~"n" =

ne1 F'7"n" is the partition into points, so actually vpu(y ;) = 6, almost surely,
proving the negation of (2). O

2.10. Limit currents.

Proposition 2.38 (Cantat-Dujardin, [8, Section 6]). For uN-almost every w €
Oy, there exists a unique closed positive current T in the class e (w). Moreover,
u%-almost surely we have

(1) for any Kdihler form k,
1
M((f5)* k)

(fa)w =T,
and
(2) o(T.F) is continuous.

Remark 2.39. By symmetry, there exists an analogous current 7,; € e (w)
obtained by replacing n — oo with n — —oo. The current 7, of course satisfies
the same properties as T,

Remark 2.40. The assignment w + T} is p”-measurable where the space of
currents endowed with its Borel g-algebra coming from the weak topology. Indeed,
this follows from (1) in Proposition 2.38. Alternatively, it can also be deduced
from the measurability of w + e*(w) and the uniqueness of T,I.

Recall that V is a volume form fixed in Section 2.3.

Lemma 2.41. The assignment w + o(T.F) is u“-measurable as a map into
LY (V), endowed with its norm topology.
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Proof of Lemma 2.41. By Remark 2.40 and Corollary 2.6, w — ¢(T.}) is a
composition of a uZ-measurable map with a continuous map. Hence it is p%-
measurable. O

Lemma 2.42. For all p > 0, there exists a compact subset K C ) such that
p?(K)>1—p and

{o(T7) lwe K}
is an equicontinuous family admitting a uniform C°-bound.

Proof of Lemma 2.42. Consider ¢(w,z) = ¢(T.7)(z) as a function A x X — R
where A C Q has full measure. By Proposition 2.38, for each w € A we have that
x — p(w, x) is continuous.

Claim 2.43. For each xz € X, w — p(w,x) is un“-measurable.

To prove the claim, let x € X and (f,)nen be a sequence of smooth functions
X — R>q such that f fnV =1for all n and f,V — 6, weakly as measures. For
all n, the assignment w — [ @(T.7)f,V is pZ-measurable. Indeed, this follows
from Lemma 2.41 and the boundedness of each f,.

Therefore

is p”-measurable for fixed z, as desired.

To conclude, we apply a theorem of Scorza and Dragoni to obtain a compact
subset K C A with pu#(K) > 1 — p such that the restriction go‘ K« x 18 continuous.
Indeed, one takes T" in Theorem 1 of [27] to be some compact set Ky C 2 with
large pZ-measure, and B = Ky x X, so that K is obtained as a subset of Kj.
Then the collection

{ngp‘{w}XX |w€K}

is equicontinuous and admits a uniform C°-bound, which is what we desire. [

Remark 2.44. From the convergence and uniqueness statements in Proposition
2.38, one can deduce that the limit currents satisfy the following equivariance
properties:

1
ot *p+ e 7
(245) wOTo'(w) - M(WOTU("J))Tw o M((WO)*TJ)TW
1
(2.46) o Ty = Mo T )T = ros =T

M((wo)«Ti) ~

A crucial step in Cantat and Dujardin’s proof of Proposition 2.38, specifically
in their derivation of (2) from (1), is provided by the following lemmas. We state
them here and include portions of the proofs due to Cantat and Dujardin because
they will be independently crucial to the rest of this article.

Lemma 2.47 ([8], Corollary 6.10). There exists a constant C > 0, depending
only on a choice of coordinate charts on X and choice of basis from Section 2.3,
such that, for every f € Aut(X) and a € Psef(X),

le(£*0@)lier < Cllallllfe-
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Definition 2.48 (Upper-density and lower-density). Recall that the upper-density
of a subset S of the naturals is

() = limsup %# (SA[Lk—1]}.
k—o0

For a subsequence (n;);en of N, we define its upper-density to be the upper-density
of the set {n;};.y. Similarly, the lower-density of S is

d(S) = li]}ginf%#{s N[, k—1]}.

Lemma 2.49 ([8], Lemma 6.15). Let x be a Kdhler form. For all p > 0, there
exists a subset S, C ) with MZ(S,)) > 1 — p such that, for allw € S,, one can
find C > 0 and a subsequence (n;);en of N with upper-density greater than 1 — p
satisfying

1

m”@((ﬁi)*ﬂ)”m <C

for all i € N.

Note that Lemma 6.15 in [8] is stated without the upper-density assertion, but,
as we will see, their proof provides it. An immediate corollary is the following.

Corollary 2.50. Let  be a Kdihler form. For p%-almost every w € Q and
every p > 0, one can find a constant C' > 0 and a subsequence (n;);en with
upper-density greater than 1 — p satisfying

1 AL
m”@((fw ) K)o < C

for all i € N.
Proof of Corollary 2.50. The set

N {Us:

NeN \i>N
has full y%?-measure and the desired properties. O

Proof of Lemma 2.49. The starting point is the elementary computation
o(f*a) = o(f*0(a)) + ¢(a) o f = c(f, @)
for all a € Psef(X), where ¢(f, «) is a normalizing constant. Iterating, we find
p((w1own)*r) = p(wowr k)
= o(wpO(wik)) + p(wik) owy — 1
= P(wO(wik)) + e(wWiO(k)) 0 wo + ¢(k) owi o wp — €1 — €2
where ¢; and co are normalizing constants. More generally,
n
P((f2)R) + elw,n) = p(r) o fi + Y p(wi O((f1 k) k) o fi!
i=1

for all n > 1, where the ¢(w, n) is a normalizing constants.



16 ETHAN COHEN

Since the normalizing constant are controlled by the C%-norm of the right hand
side,

CO

I Bllen S le@llen + 3 [ @i OS2 0|
=1

25 <3 e s
=1

where in the second line we apply Lemma 2.47, and < denotes < up to multi-
plicative and additive constants independent of w and n.

Therefore, to prove the lemma it is sufficient to find (n;) with large upper-
density such that there exists a finite constant R(w) depending only on w satisfying

7’L1 .7
JJ (w

T T Mewj-11En < R(w)
for all 7, where we used that M() = ||| on Psef(X).

By the moment condition (1.1) and Borel-Cantelli, for all & > 0, e~=||w;[|21 is
bounded independently of i € N. Therefore, it is enough to find (n;) such that
|75
so, one applies a theorem of Gouézel and Karlsson (see [19], Theorem 1.1) to the
sub-additive cocycle a(n,w) = In ||(f2)*].

/1 f2|| decays exponentially in j, in a sense made precise below. To do

Theorem 2.52 (Gouézel-Karlsson [19], Theorem 1.1 and Remark 1.2). Let
a(n,w) be an ergodic sub-additive cocycle with finite asymptotic average

= iml a(n,w ae
A= Jim = () di ().

n—oo n

For all p > 0, there exists a sequence of positive reals 6y — 0 and a subset S C 2
with p#(S) > 1— p such that for all w € S there exists a sequence of naturals (n;)
satisfying
(1) (n;) has upper-density greater than 1 — p and
(2) a(n,w) is tight along (n;), i.e.
(i) for all i and 0 < ¢ < n;,

| — a(ni,w) + a(n; — £, 0t (w)) + Al| < 46,

and
(i) for alli and 0 < € <n;

a(ni,w) —a(n; — Liw) > (A — )L
While (i7) is not explicit in the statement of Gouézel-Karlsson, it is easily

deduced by Cantat and Dujardin (see [8], Theorem 5.11).
In our case, A = \,. Now taking w € S and (n;) as in the theorem,

n _
H UJl wj) a(ni—j,07 (w)) 65— Auta(ni,w) i

n; ;
) || :Ze ea(ni,w) <Z€ ea(ni,w) :ZGJ(6 —Au)

J=1 J=1

j= 1

which is a convergent geometric series, where we used (i) in the inequality step. [
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Remark 2.53. Since it will be useful later, we remark that the analog to (2.51) in
backwards time is given by

ol oo 5 32 00l
=1

where n > 1.

Consider the exponential moment condition

(2.54) 3 a > 0 such that /(‘f“cl + Hf_chl)a du(f) < oo.

Then Cantat and Dujardin prove the following.

Proposition 2.55 ([8], Lemma 6.15 and Proposition 5.14). If the exponential
moment condition (2.54) is satisfied, then the sequence (n;) in the conclusion of
Corollary 2.50 can be taken to be N.

2.11. Wedges of currents. A complete reference for the following can be found
in [10]. Let T and S be closed positive (1,1)-currents on X. Assume that S has
continuous potentials, meaning that ¢(S) is continuous. Let T" be supported on
some open set U in X. Then T'A S is a Radon measure on U defined locally by

(2.56) /X pd(SAT) = (T | ugdd®yp)

where ¢ is a compactly supported test function with support contained in some
open set V C U and ug : V — R satisfies dd“ug = S‘V (in the distributional
sense). When both S and T have continuous potentials, this definition is sym-
metric.

Now suppose 7' is not assumed to be closed. Then T' A S still defines a Radon
measure on X \ supp 97" as in (2.56). The measure 7' A S extends naturally to a
Radon measure on X by taking the product with 1 x\guppor- If p is a nonnegative
function on X that is integrable with respect to T'A S, then the product p(T' A S)
is a positive measure, and we define

(PTYNS =S AN(pT) =p(T NS).
For f € Aut(X), we define
[WT) NS = SN fu(dT) = f((f75) A (WT)).

2.12. Slice measures. Let C be a Riemann surface and S a closed positive (1, 1)-
current with continuous potentials. Given an injective holomorphic immersion
¢ : C — X and a continuous local potential ug for S, the pull-back (*S is a
positive (1, 1)-current defined locally by the potential ug o {, meaning

S| f) Z/CUSOCddCf

locally for test functions. Since (*S is a positive current on C of top degree, it
defines a positive Radon measure. Abusing notation, we denote this measure
and the pushed-forward measure on ((C) = C by S | (o) This is called the slice

of S by ¢(C), and, as a measure on ((C), it does not depend on the specific
parametrization (.
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Given a Borel-measurable set A C C, define a positive measure S ‘ c(a) o0 X by

S}Q(A) = ]IC(A)S|((C)

in the sense that

[ ratsto = [ e itsle

for measurable f: X — R. If A is contained in a compact subset of C, then
S‘C(A) is finite and Radon.

As suggested by the following lemma, slicing S is essentially the same as
wedging S with a current of integration.

Lemma 2.57. Let ¢ : C — X be an injective holomorphic immersion, A C C
a closed disk, S a closed positive (1,1)-current with continuous potentials, and
¥: X — R a smooth nonnegative function satisfying supp N ((OA) = @. Let
[C(A)] denote the current of integration of ((A). Then

Proof of Lemma 2.57. Let h: X — R be a test function on a neighborhood where
S = ddug. Integrating h over the left side gives

/ hd(S ADCEY]) = / B d(S A D))
X X
_ /X bt L com) A0S A CA))

N /(us 0 ¢)dd*((h- ) o C)
A

where the second line holds by definition of the extension of S A [((A)] to X, and
the third line holds since h -9 - 1 X\C(OR) = h -1 is smooth. Similarly,

/Xh'dfd(s\c(m) = /C(C)h‘¢‘ﬂc<A)d(S‘<(C))
- /@(us 0 Q)dd*((h- v -1 (x)) o)
N /A(US 0 () dd*((h-v)o()
where the second line holds since (h -1 - 1. x)) © ¢ is smooth on C. -

We now prove two lemmas which will be useful in the next section.

Lemma 2.58. Let (T),) be a sequence of closed positive (1,1)-currents on X,
and let T be a closed positive (1,1)-current. Assume that T, (resp. T) has
continuous normalized potential o(T,) (resp. ¢(T)), that T,, — T weakly, and
that o(Ty,) — ©(T) uniformly. Let U be an open subset of C, and let (, : U — X
be a sequence of holomorphic maps converging locally uniformly to a holomorphic
map ¢ : U — X. Then the measures (1T, converge weakly to ¢*T.
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Proof of Lemma 2.58. Let V C X be biholomorphicto D x D and h: C - R a
smooth test function whose support K satisfies ((K) C V. For all sufficiently
large n, local uniform convergence gives (,(K) C V. On V, write

T"‘V = ddup,, T‘V = dd‘u,

where u,, (resp. u) is a continuous plurisubharmonic potential for Tn}v (resp.
T}V). Since T,, — T weakly, we have O(T,,) — ©(T'). The potentials u,, and
u are obtained by adding ¢(7},) and ¢(T") to local smooth potentials for ©(T},)
and ©(T"), respectively. Hence ¢(7;,) — ¢(T') uniformly implies that u, — u
locally uniformly on V. Thus u, o ;, — wo ¢ uniformly on K, and by dominated
convergence

/thZTn—/unocnddch—>/uocddCh_/hdg*T.
O

Lemma 2.59. In the setting of Lemma 2.58, let ¢: U — R>q be smooth and
compactly supported in U, so suppy NOU = &. Then the measures

(Gn)« (¥ G T0)

converge weakly to (.(¢¥ C*T'). Note here that these are measures on X.

Proof of Lemma 2.59. Let g: X — R be a smooth test function. As in Lemma
2.58, we work in a neighborhood where T,, = dd“u,, and T' = dd“u, with u, o (, —
u o ¢ uniformly on suppt. Since (, — (¢ locally uniformly and the maps are
holomorphic, the convergence is C* on suppt. Hence dd®(v) - (g o () —
dd®(¢ - (g o ¢)) uniformly on supp . Therefore

/ﬂ9“@&4¢QTH==/}m06ﬂw%¢'@OCH)HE/UOCﬁﬁW'QOC»
X U U

=/g%w¢ﬂ-
X
J

2.13. Measurability of slices of limit currents along stable and unstable
manifolds. Given an ergodic and hyperbolic measure v € S(u), Pesin theory
(see Proposition 7.9 of [8], or Theorem 6.4 of [6] for our skew-product setting)
gives local stable and unstable manifolds

Waulos(z) € Wi/ ()

for v-almost every (w,x). In our setting, these local manifolds are holomorphic
disks, which may be controlled on Pesin sets. More precisely, for every € > 0
there is a compact set P C 2 x X with v(P) > 1 — ¢ such that the local stable
and unstable disks have uniform size on P and vary continuously there in the C!
topology on disks, in the sense of Sections 7.4.1 and 7.4.3 of [8].

Lemma 2.60. Let v € S(u) be ergodic and hyperbolic. Fiz x € {+,—} and
o € {s,u}. Then the assignment to slices of T} along the local e-manifolds,

(w, .’1}') g T;|W:J,10C(I)7
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18 v-measurable as a map into finite Borel measures on X endowed with the
weak topology. That is, the assignment above is a finite v-measurable kernel from
Ox X to X.

Proof of Lemma 2.60. 1t is enough to prove the claim on compact sets of arbi-
trarily large v-measure. Fix € > 0. By the Pesin-set statement above, Lusin’s
theorem applied to w +— 775, and the joint continuity obtained in the proof
of Lemma 2.42 (with the analogous statement for 7)), choose a compact set
P C Q x X with v(P) > 1 — ¢ on which the local e-manifolds have uniform size
and vary continuously, and such that on the projection of P to ) the maps

w— T3, w (1)

are continuous, where the first map is taken with respect to the weak topology
on currents and the second with respect to the uniform topology on C°(X).
Fix a finite set of charts as in Section 7.4.3 of [8] covering P. In one such chart
V', choose holomorphic parametrizations ((, ;) : U — X and a disk A C U whose
closure is contained in U, such that ((, ,)(A) = W2'°(z) and (w, z) — Clww) 18
continuous in the topology of local uniform convergence. Let (¢,,) be smooth

nonnegative functions compactly supported in A, viewed as functions on U, with
Um /1. For fixed m and g € C(X), Lemma 2.59 implies that

(w,) /X GGy (P o T2)

is continuous on V N P. By the definition of slices over Borel subsets in Section
2.12 and monotone convergence, for g > 0,

AT| eioe, = i A(Coray ) (Uom € T,
/Xg ‘le (z) 1m Xg (C(,)) (lb C( ) )

The left-hand side is therefore measurable as a function on PN V. Since we cover
P with finitely many such charts, the left-hand side is measurable on all of P.
Hence

(CL), 1‘) — T‘Z|W:},loc(x),

is measurable on P. Since P may be chosen with arbitrarily large v-measure, the
result follows. O

2.14. Limit currents and stable/unstable manifolds. Throughout this
section, we suppose v € S(u) is ergodic.

Lemma 2.61. If v gives positive measure to some (w,x), then (w,x) is periodic
and v is the uniform probability measure on the F-orbit of (w,x).

Proof. Let (&', 2") be an atom of v with maximal measure. Then each F-translate
of (w',2') has the same measure; thus, there are finitely many of them. By
ergodicity, ¥ must be supported on the orbit of (w’,2’). The point (w,x) is
contained in this orbit because it has positive measure, so the result follows. [

Recall the measures v, from Remark 2.4, which by F-invariance satisfy
(262) F*((Sw & l/w) = 50(0.1) X Vo (w)-

In the following lemmas, assume A*(v) < 0 < A*(v).
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Lemma 2.63. If v, has an atom on a positive u“-measure set, then p”-almost
every v, is a uniform measure on a finite set.

Proof. Whenever v, is defined, let M,, denote the set of atoms of v, with maximal
V,-measure. Since v, is a probability measure, each M, is finite. The same
measurable-kernel argument used in the proof of Corollary 2.36, applied to the
measurable assignment w — v,,, shows that

(w, ) = v ({z})

is v-measurable. Hence, the function
a(w) == sup v, ({z})
zeX

is p%-measurable, since it can be realized as the limit, as  — 0, of the supremum
of v,(By(x)) over a fixed countable dense subset of X. Hence

U (o} x M) = {(w,2): vu({z}) = a(w)}

wel
is v-measurable. Now (2.62) implies F'({w} x M) = {o(w)} X M. So the set
Upea({w} x M,,) is F-invariant, and has positive measure by the assumption of
the lemma. Thus, by ergodicity the lemma follows. O

Lemma 2.64 (Lemma 8.6 of [8]). For v-almost every (w,z) and any embedded
open disk A C W(z), we have TaﬂA =0.

Cantat and Dujardin’s proof of Lemma 2.64 translates to our setting without
modification, so we omit it.

Lemma 2.65. Suppose WS(x) is not Zariski dense in X on a positive v-measure
set. Suppose further that for p”-almost every w, v,, is non-atomic. Then there
exists an algebraic curve D such that v(Q x (I'- D)) = 1. Moreover, for u”-almost
every w, v, s supported on a finite union of I'-translates of D, and v-almost
every Wi(x) is contained in one of these translates.

Proof. Let A C Q x X denote a positive-measure set on which W(x) is not
Zariski dense. Then for each (w,z) € A, the Zariski closure D(w,z) of Wi(x) is
a (possibly singular) algebraic curve. Since NS(X,Z) is countable, there exists
some irreducible curve D with S = {(w,z) € A: [D(w, z)] = [D]} having positive
v-measure. The argument in [8], Lemma 7.1, shows that D(w, x) is almost surely
rational with negative self-intersection. Classes in NS(X,Z) of such curves have
unique representatives, so [D(w,x)] = [D] implies D(w, z) = D.

Then the F-orbit of S is F-invariant, so by ergodicity there is a full-measure
subset of Qx X where W3(z) is contained in a I'-translate of D. For w on which v,
exists, let R, denote the union of I'-translates of D having maximal v,,-measure.
Since v, is a probability measure, R, is nonempty generically. Moreover, since
v, is finite, R, is a finite union; indeed, distinct translates overlap in v,-measure
zero, because algebraic curves have only finitely many intersection points and v,
is non-atomic generically.

By (2.62),

F({w} X Rw) = {U(w)} X Ra(w)
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50 Uy, {w} x Ry, is F-invariant. The family of distinct I-translates of D is countable,
and since w — v, is measurable, the set of translates having maximal v,-measure
varies measurably in w. By ergodicity, v gives full measure to U, {w} x R,
concluding the lemma. O

Using Lemma 2.64 and the theory of laminar currents (specifically Lemma 8.8
of [8]), Cantat and Dujardin prove the following theorem. We refer to Section 8
of [8] for the definition of a normalized Ahlfors-Nevanlinna current. Again, their
proof applies to our setting without modification.

Theorem 2.66 (Theorem 8.2 of [8]). Let u satisfy (1.1) and suppose v € S(p)
is ergodic with \°(v) < 0 < A“(v). Suppose the hypothesis of Lemma 2.65 is not
satisfied, i.e., v-almost surely, WS(x) is Zariski dense in X. Then T is the
unique Ahlfors-Nevanlinna current with unit mass associated to generic WS(x).

Remark 2.67. By Remark 2.37, we obtain the analogous statement to Lemma
2.65 in the unstable direction by applying the results to F. Similarly, we obtain
the analogous statement to Theorem 2.66 for unstables and T .

Remark 2.68. From the formula (2.24), one can show that b} = k7.

Lemma 2.69. Suppose hf > 0. Then v is hyperbolic, and v-almost surely the
manifolds Wj/u(:c) are Zariski dense in X.

Proof. By the Margulis-Ruelle inequality in our setting, or Theorem 2.35, A* >
2hy > 0. By invertibility (Remark 2.37) and recalling b, = b} (Remark 2.68),
we obtain \* < —%hf < 0. So v is hyperbolic. Now, by Corollary 2.36, /. > 0 if
and only if the conditional measures v, (,) are non-atomic almost everywhere.
Therefore, by Lemma 2.63, v, is non-atomic u%-almost everywhere. Indeed, if v,
had atoms on a positive base set, Lemma 2.63 would make the fiber measures
uniform on finite sets, forcing subordinate conditionals to be atomic, contradicting
Corollary 2.36.

Suppose that there exists a positive v-measure set on which the manifolds
W3(x) are not Zariski dense in X. By Lemma 2.65, pZ-almost every v, is
supported on a (possibly reducible) algebraic curve and v-almost every W3 (x) is
contained in some irreducible curve D, ;. By holomorphicity, W} (x) is either
also contained in D, , or W¥(z) N D, is countable. But W(z) and W} (x)
cannot both be contained in D, , since, by hyperbolicity, the stable and unstable
directions are distinct on a full-measure set, and we may assume this holds on
our fixed positive-measure set. Therefore W} (x) N D, , is countable and the
unstable conditional at x must be atomic. But this would contradict Corollary
2.36.

By invertibility (Remarks 2.37 and 2.68), the conclusion of the lemma also
holds for unstable manifolds. O

3. CONVERGENCE TO LIMIT CURRENTS

Let C be a positive (1,1)-current and suppose ¢: X — R>q is smooth and
satisfies

supp(t) Nsupp(9C) = @.
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For f € Aut(X) with positive topological entropy, it’s known that

WO - (/X(T;t Aw)) T

in the weak topology as n — oo (see [2], [17]). For each natural n > 0, let

Cy(w) = (f2)+(4C).
The main result of this section is the following.

Proposition 3.1. For p”-almost every w € Q and every p > 0, one can find a
subsequence (Ng)ren of upper-density greater than 1 — p for which

+ —
</XTw /\@ZJC) Taﬁk(w)
o + - N + Tk
</}; Tonk(w) A Tank(w)> M(( w )*Tw )C¢ (W) — 0
in the weak sense of currents as k — oo. Furthermore,
+ + -
([ 1 mic) 15
_ + - Mg +
</X Ta”k(w) A To’"k(w)) (fw )*(Tw A T?C) =0
in the weak sense of measures as k — oco. If the exponential moment condition

(2.54) is satisfied, one can additionally require the lower-density of (nk)ken to be
greater than 1 — p.

(3.2)

(3.3)

Remark 3.4. The subset of 2 on which Proposition 3.1 holds may be chosen
independently of C' and .

Remark 3.5. Notice
Ty N M(F2)T)CY = Tl A ML) (f) (bC)
= (f2)(T5 NYO).
Integrating, we find
[ T n2THCy = [ (s ave) = [ 13 nve
X X X

so (3.2) may be rewritten as
+ g +\ Mk -
</X Ty N ML)y > o (w)

_ + - T +\ 7k
([ Toha A Ty ) MUTELTCE ) = 0

Remark 3.6. Since pur assigns zero measure to proper subspaces of P(NS(X))
(by strong irreducibility) and et (n) is independent of e~ (), we have

D.:={n:e"(n)ANe (n) >¢e}
satisfies

pH(D:) — 1
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as ¢ — 0. Therefore by the ergodic theorem we may assume that

+ — — ot (47K —( Nk
([ Thni ATy ) =€ o™ @) ne (@™ (@)
is bounded away from 0.

Remark 3.7. By Remark 3.6, it follows from (3.3) that

T ApC i
(f-l)—( . w—) :_"Lk(w) /\Tg_ﬁk(w) o (fﬁk)*(T; A Q)
(P Ty A o)

converges weakly to the zero measure as k — co. Assuming [, .7 A pC # 0, we
obtain

moj‘k(w) - ( ﬁk)*N(TL:r A wc) — 0.

Before proving Proposition 3.1, we deduce a few supporting results.

3.1. Supporting results. Recall from Section 2.11 that we may wedge Cy(w)
with closed positive currents having continuous potentials.

Lemma 3.8. Suppose C, w, and {an},cn C R are such that an,Cy(w) converges
weakly to the zero current as n — oco. Let (By,) be a sequence of closed positive
(1,1)-currents such that {[By]} is bounded in cohomology and {o(By,)} is an
equicontinuous family admitting a uniform C° bound. Then aan(w) ANByp —0
i the weak sense of measures.

Proof. Let g € C*°(X). Then

(anC(w) A By | 9) = (anC(w) AO(Bn) | 9) + (anCy(w) A dd®e(Bn) | )
= (anCy(w) [ gO(Bn)) + (anCy(w) | ¢(Bn)ddg).

Now {gO(B,,)} is contained in a compact subset of the space of smooth (1,1)-
forms, so (a,Cji(w) | gO(By)) — 0. Moreover the family {(p(B;,)dd°g} is precom-
pact in the C° topology on coefficient functions. Since the CZ (w)’s are positive
currents, the coefficient measures of a, Cy; (w) converge to the zero measure weakly,
and (an,Cj(w) | ¢(Bn)dd®g) — 0. O

Remark 3.9. Lemma 3.8 also holds, with the same proof, if a,,Cy;(w) is replaced
by a sequence T,, — 0 of closed positive currents with continuous potentials.
More generally, one may replace ancg(w) by any sequence S,, of order-zero (1,1)-
currents whose local coefficient measures converge weakly to the zero measure.
With the wedge S, A B, defined by

(Sn A Bn | g) = (Sn | g0(Br)) + (Sn | ¢(Bn)dd ),

the conclusion is convergence to 0 in the sense of distributions. If, in addition,
these wedges are represented by measures, then the convergence is weak conver-
gence of measures. The coefficient-measure convergence hypothesis is satisfied,
for example, if S;, — 0 weakly as currents and the local coefficient measures of
Sy have uniformly bounded total variation.
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Corollary 3.10. Suppose C, w, and {an},cy C R are such that a,Cjj(w) con-
verges weakly to a closed positive current T with continuous potentials. Let (By,)
be a sequence of closed positive (1,1)-currents such that {[By]} is bounded in
cohomology and {©(By)} is an equicontinuous family admitting a uniform C°
bound. Then

(anCy(w) A By) = (T'A Bp) — 0
in the weak sense of measures.
Corollary 3.10 follows by applying Lemma 3.8, in particular the final sentence of

Remark 3.9, to the order-zero signed currents a,Cy (w) =T, whose local coefficient
measures have uniformly bounded total variation.

Proposition 3.11. For p”-almost every w € Q and every p > 0, one can find a
subsequence (n;);en of upper-density greater than 1 — p for which

M((f5)-T7)M(Cy)

is bounded uniformly in i. If the exponential moment condition (2.54) is satisfied,
then the subsequence (n;);en has lower-density greater than 1 — p.

Remark 3.12. For the upper-density construction, the sequence (n;);en is chosen
to satisfy the tightness conditions of Gouézel-Karlsson, namely condition (2) of
Theorem 2.52. In the lower-density argument under the exponential moment
assumption, we instead use Proposition 2.55.

Remark 3.13. The sequence (n;);cn in Proposition 3.11 may be chosen indepen-
dently of C' and . Indeed, in the proof of Lemma 3.16, the sequence comes from
Corollary 2.50; the current C and 1 only affect the bounding constant.

Remark 3.14. For any p > 0, if w and (n;) are as in Proposition 3.11, the collection
{M ((fo)TF )C’Zl} has uniformly bounded mass and thus is pre-compact in the
weak topology on currents.

Proposition 3.15. Let w €  be generic in the sense of Proposition 3.11. Given
p >0, let (n;);en be the associated sequence. Fvery limit point of

{M((29.mH0p )}
1s closed.

Before proving Propositions 3.11 and 3.15, we prove Lemma 3.16 and Claim
3.19.

Lemma 3.16. For p”“-almost every w € Q and every p > 0, one can find a
subsequence (n;)ien of upper-density greater than 1 — p for which

1
————M(C")
GRS
1s bounded uniformly in i. Furthermore, if the exponential moment condition
(2.54) is satisfied, one can take {n;},.y = N.

Remark 3.17. Proposition 3.11 is identical to Lemma 3.16, except we replace
Nwn—1 - )
()11 with M((f3)T).
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Now we explain how to obtain Lemma 3.16 from Lemma 2.49 (i.e. [8], Lemma
6.15) and elementary estimates.

Proof of Lemma 3.16. Let w be generic in the sense of Corollary 2.50, and further
require that e*(w) exists. Let p > 0, and let (n;) be the subsequence obtained in
Corollary 2.50. Then

1 i () — # n) |
= m(¢c | (f57) ko)
1

- mwc | ©((f*) R0))
1

+ e WO | dd e () ho)):

Since et (w) exists,

I L 1
T ) el = e @) = e ]
as n — oo and we obtain
1 n 1 .
e 0 1O ko)) = oot (€ | O(T))

as ¢ — oo. Hence ch | ©((f2)*Ko)) is bounded by a finite constant

independent of i. Now

L (C | dd((f7) o)) =

1(fa)*

m (C | (dd“p) - p((f2¥)* ko))
1

< T Ay(C ] ro)llo((£57) o)l o

where in the first line we used Stokes’ theorem and supp ¥ N supp(9C) = @ and
in the last line we chose Ay > 0 such that —Ay kg < dd“p < Aykg. But the right
side is uniformly bounded by Corollary 2.50, concluding the proof.

Since (n;) is the subsequence obtained in Corollary 2.50, if ;1 satisfies the
exponential moment condition (2.54) then {n;},.y = N by Proposition 2.55. [

Remark 3.18. Using equivariance of the limit currents (see Remark 2.44), we
have

1 1
MU = Stz )~ T e @@l
where we are using that [|-|| < M (-) on Psef(X).

Claim 3.19. There exists a set A C Q with full u”-measure such that the
following holds: for every w € A and § > 0 there exists a constant € > 0 and a
subsequence (ng)ren of N such that

(1) for all k,
[(f5F) e (@™ (W) = el (f2) ]

and
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(2) {nk}ren has lower density greater than 1 — 6, i.e.
o1
lﬁlgofﬁ#({nk}kel\l N[L,N-1])>1-4.

Proof of Claim 3.19. Given a matrix A € SO(1,n) with ||Al| > 1, let e4(A) and
e_(A) denote unit-norm singular vectors, with respect to our fixed Euclidean
norm, corresponding to the largest and smallest singular values of A, respectively.
If||Al =1, set ey (A) =e_(A) = %, where [kg] is the cohomology class of our
fixed Kéahler form with unit mass.

Let A C § be a full-measure, o-invariant set such that if w € A then e*(w)
exists (see Theorem 2.11). We will show that A satisfies the conclusion of the
claim. Fix w € A. By definition,

(f5)"e™ (0" (w)) = wiwi ... wy_ye™ (0" (W)

For the rest of this proof, (-,-) denotes the Euclidean inner product and ||-|| the
Euclidean norm. For each n € N, define h, : A — R by

ha(w) = e+ ((f2)7), e (0™ (w)))],
and notice that
[(f2) e (a™ (W) = ha) (D)l = [JeT (o™ ()|

since all vectors orthogonal to e ((f)*) (in the Euclidean sense) are not expanded
by (f*)*. Notice that | (0™ (w))|| is bounded above by some C' > 0 independent
of w and n since every limit class has unit mass. Thus

|(f5)*et (o™ ()] = hn(W)I(f2)* ]I = C.
We prove that

(3.20) e == lim sup %# {n < N: hp(w) < e}

N—oo

satisfies lim._,q 0. = 0, from which the claim follows by taking

{nitpeny = {n € Nt hyp(w) > €},

noting ||(f2)*|| — oo and shrinking e.
Notice that

1 (07(@)) = R ()] < (e @k wnsko1) = @0 wnsior), € (0" (@)))]
— e (wo @ )] | (0" (W)

— 6_1,_((4}0 Ce wn+k_1)HC.

< [let(wg - - wWntk—1
(3.21) < |le4(wg - -« wntr—1

Furthermore, the sequence (e4 (17— ...1n_1))nen converges for u“-almost every
n € Q. Indeed, the random product induced by p on NS(X)y is strongly
irreducible and contracting in the sense of [5], so by [5], Proposition I11.3.2, the
sequence (e4(W—_pn ...w_1))nen converges in direction. But Aut(X) preserves the
Kahler cone, so the sequence converges to a vector. Therefore, for fixed € > 0,
the sets

. £
ST = {77 €Q:lex(—rg...m-1) —ex(Nepm...n—)|l < ol for all ¢,m > n}
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satisfy ST C ST and lim,, 0 p#(S%) — 1. After shrinking A, we may assume
that w is Birkhoff-generic for the countable collection of indicator functions used
below. For all n € N, from the Birkhoff ergodic theorem we have

1 M
(3.22) 3 e (0" (W) - (S,
k=1
Now

lim n %# [k < M |hn(0" (@) — hpai(@)] < €

.1 _ €
(3.23) 2 liminf -4 {k‘ < M: |leq(wk - - wntk—1) — €4 (wo - - - Wntk—1)]| < 5}

M
1
> limi (o E Z(gqgn
> ljl\?lll’lf 7 kgl Tgn (0" (w)) = u™(SY)

where the first inequality follows from (3.21), the second from the definition of
S?', and the equality in the last line from (3.22). Moreover,

{k < M: |hp(cf(w))] < 28}
(3.24)
5 {k < M ()] < € and [n (0¥ (@) — hnpw(w)] < g} .

Since h,, depends only on the future, we may integrate it against . Putting
these together,

M
. 1
[ a0 i) = limsup 3" 14, <20y (04)
k=1

M—o0

1
> limsup - {k < M: |hpsi(w)] < € and [ (0% (w)) — hnw(w)] < g}

M—oc0

1
> nmsupM(#{k < M: [hoyr(@)] < &}

M—o00
= #{lhal*(@) = hasn(e)] 2 ¢} )

1
2 limsup o4 {k < M: |hpi(w)] < e}

M—o00
1
~limsup 74 {1hn(o"(@)) = hnyr()] = e}
= (s 4 (8 < 015 s < 2}
M—o00 M

_ <1 _ liminf%# [k < M (04 (9)) — hnsi(e)] < 5}>

M—o00
1
> (nmsup#{k < M ()] < s}) (S
M—o0 M

where in the first line we use the Birkhoff ergodic theorem, the second line we
used (3.24), and the last line we used (3.23). Now, recalling (3.20) and allowing
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a harmless shift by n,

1
55 = limsup M# {k < M: |hn+k(w)‘ < 5}7

M—o0

for all n € N, so we have shown

(3.25) 5= L (S0 < [ Loy () i),
Finally, taking 1y)(y/<2:} to be the indicator function for
{(v,w) € HY x HY | [{v,w)] < 26},

we have

J Vo) = [ L (e (7)€ @00 )
:/ / Lyjy<2ey (e (7)), ¥ () du™ () dp™ (7))
://1{<,><25}(e+((f#)*),v) dvr(v)
://]1{<,><2s}(6+(n5~-n21),1}) dp™ () dvr(v)

- //]1{<7><28}(€+(77;;—1 cmg),v) dpt () dvr(v)
where vz = [ det(y) dpN is the Furstenberg measure for p (see Remark 2.13). Let

i = ((m5)" (1)’ - )
be a sequence of matrices. For pN almost every n, we have e;(n%_1...n5)

converges in n to the Furstenberg direction for the sequence 7, which we denote
by et (7). Hence, for any vector v,

ﬁzn_)sogp Ly <2er (e My - mp)sv) < Lyjyj<aer (€7(7),v)

almost everywhere. By reverse Fatou,

1imsup/]1{|<,>|<2e}(€+(77fz1-~~U§)av) dp™(n) < /1{|<,>|g25}(6+(ﬁ),v) dp™(n)

n—o0
- / L1y <26y (w, v) divr(w)

where Uz == [ 6.+ dp™(n). Thus

(3.26) limsup / 1y <20y (n) dii" () < / / 1410y <20y (10, 0) die (w) dve(v),

n—0o0

and taking n — oo in (3.25) and recalling lim,, o u%(S?) = 1 yields

(3.27) 5. < / / 11 yj0ey (w0, 0) dirr (w) du (v).

By strong irreducibility, 77 gives no mass to the intersection of any proper
subspace of P(NS(X),) with the unit-mass sphere in H!. Hence

/]l{<7><2€}(w7v) dvr(w) = 0
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as € — 0 for every v. Then dominated convergence and (3.27) imply lim._,o 6. =
0. O

It remains to prove Propositions 3.11 and 3.15.

Proof of Proposition 3.11. Fix p > 0. Choose w generic in the sense of both
Lemma 3.16 and Claim 3.19. Applying Lemma 3.16 with p/3 in place of p, we
obtain a subset S; C N with upper-density greater than 1 — p/3 such that

1
———M(C})
ICFm
is uniformly bounded for n € S;. Applying Claim 3.19 with p/3 in place of p, we
obtain a subset S C N with lower-density greater than 1 — p/3 such that

M((FDTDNSL]

is uniformly bounded for n € Ss.

Let S = S1 N Sy. Since S; has upper-density greater than 1 — p/3 and S has
lower-density greater than 1 — p/3, the set S has upper-density greater than 1 — p.
For n € S, we have

M((f)-T5)M(Cy) = (M((£)TDI(F2)" ”)<||(f") T (C$)>,

which is uniformly bounded. Enumerating S gives the desired subsequence.

If the exponential moment condition (2.54) is satisfied, then Lemma 3.16 gives
S1 = N. Hence the same argument gives a subsequence of lower-density greater
than 1 — p. O

Proof of Proposition 3.15. Let 1 be as before, and let 1y € C°°(X) be nonneg-
ative with supp o N supp(9C) = & and | = 1. Let 8 be a smooth

(0,1)-form on X; the proof is analogous for (1,0)-forms. Then

M((f2).T0)(C | dB)]

SOTDIC | 9d(f)B)

THI(C | (d) A (F2)*B)]

WIDIWC | (@) A (5B

T (oC | (94) A (18)

T (C | i0 N BY)2 ($oC | (F19)*(—iB A B))?

= M((f2)T)2 (0oC | i0% A BY) 2 M((f2).T)2 (oC | (f25)*(—iB A B))?

where in the third line we used supp ¢ N supp(9dC) = &, in the fourth line we
used that wo‘sup v = 1, and in the fifth line we used positivity of ¥oC and
Cauchy—Schwarz. Now

zﬂ/\B%

ko

N |=

M((f1) T2 (oC | (f2)(—iB AB))2 < M((F2).T)3(Ch | ko)

CO

which is uniformly bounded by Proposition 3.11 and Remark 3.13, applied with
1 in place of v, where %0/\5 is just the ratio of coefficient functions. On
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the other hand, M((f:}Z)*Tj)% — 0. Indeed, by Remark 3.18 and Claim 3.19,
M((f) 1) < m — 0. Hence M((fJ')-T5)(Cy | dB) — 0. O

3.2. Proof outline for Proposition 3.1. Here we give an outline of the proof
of Proposition 3.1. Let w € €. For all n € Z, we have the identity

(3.28) fo" = :—n(w))_l

SO

/—
= C¢ n
where in the second to last line we used (3.28) applied to of(w). Hence
(3.29) (s ML((f2)THC) = M((F5)T)Cy ™

Assuming w to be Furstenberg-generic, by Theorem 2.11 and Remark 2.14
combined with standard results in random products of matrices, the contracting
direction of (( f;e?w))_l)* in cohomology is well-approximated by e~ (¢(w)) for
most n when ¢ is large. Setting ¢ = n in (3.29) yields

(foll) ™) (M((FTCY) = M((f5) T C

which has mass tending to zero as n — oo, if one excludes a subset of n’s with
small upper-density (see Remark 3.18 and Claim 3.19). If each Cy, were closed,
then we could pass to cohomology and obtain

dp (M2 TICH) [T ) = 0,
where dp denotes projective distance, since [Ta_n (w)] approaches the unique con-
tracting direction of (( f;fl(w))*l)* = (fM)*. After passing to a high-density
subsequence on which the classes [T, (w)] have limit points only in a compact sub-

set of cohomology where closed positive currents are unique in their cohomology
classes, this would imply

d (M((f2)TH)Ch Ty ) = 0,

where now dp denotes distance on the projectivized space of currents. Taking
w, p, and (n;);en to be as in Proposition 3.11, uniformly bounded mass of the
sequence

(M((F24) IO e
implies that (7;)ieny = (ni)ien satisfies (3.2). Then (3.3) will follow from (3.2)
after restricting to a subsequence on which the collection of normalized potentials
{‘P(Toﬁu (w)): i€ N} is precompact in the C%-topology (see Corollary 3.10).
The challenge then becomes overcoming the non-closedness of the C’Z“s. To
do so, we extract a subsequence (i )ken of (n;);en Wwith upper-density greater
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than 1 — 2p, a sequence (C’Z’“) ren of closed positive currents with bounded mass,
and an associated sequence of naturals m; — oo such that

(3.30) d@(cnk M((f7*), T+)C"’“) -0
and
(3.31) (frrt ) )7 (CgF) = 0

weakly (or equivalently in cohomology) as k — co. Since my — oo and the C’Z’“ ’s
are closed, (3.31) will be enough to show that the classes of CZ’“ and T, )

become close projectively. After restricting to times for which uniqueness holds
in the class of T~ o (@) this gives projective closeness of the currents themselves.
Combined with (3.30) this will prove (3.2). Proposition 3.15 is what allows us to
find the closed approximants in (3.30) after passing to a subsequence.

On the other hand,
M )7 (C0) = (0 ) (CR) | o)
= (G | O((T 0 )Ro))

= M((F5)TH)(CEE [ O3, o))
+(CpF = M5 IO | ((fait,) o))

(3.32)

where in the second line we used closedness of C’Z’“ So (ny) satisfies (3.31) if the
terms in the last two lines of (3.32) tend to 0.
Addressing the first term,

(Ft )Ro = O((f 00 ) ko) +dd*((f % ) Ro)
implies
(CRr 1O ) o)) < (Cp* | (£,0%,)) " Fo)
+[(CF [ dd“o((£ 7)) o))
(3.33) = M(((f% )7 (Cy)

o™k (w)

+](CyF | ddop((£0% ) ko))

"k (w)
= M(CR™) 4 (O | ddp((F 7%, )*wo))

o™k (w

where the second equality holds by (3.29). Hence we will want to choose sequences
(nx), (My) such that

(3.34) M((f2)THM(CJE ™) =0
and
(3.35) M(F2) T (O | ddp((F,0% ) ko)) = 0

as k — oo. We will construct them such that 7y —my € {n;};cy for all k; thus,

NE—m + N —Mm,
M(( wk k)*Tw )ka i
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has uniformly bounded mass. Choosing the (7) and (1) carefully, we will have

M1 NG
M((f2™),T8) (V755

0 (3.34) holds. In the upper-density case, this ratio will be controlled using the
Gouézel-Karlsson tightness condition for the sequence (n;). Then we show that

(€3 L ddep((f0 ) Ro))| < e, ) mo)|

k(w

CO

which by choice of subsequences will grow roughly like e+ €)™k Hence to satisfy
(3.35) we want

M(( Zlk)*Tj)e()‘u+5)mk_>0

as k — oo; this is accomplished by picking n;, much larger than my.
Addressing the term in the last line of (3.32), we have

(G = M) TR | O ) o))

. <zt ol Az e,

(AHJFEW“V; hence, we will choose subse-

and H ”k w) K]()H grows roughly like e

quences such that
o (CJ, MUZ).TE O e 9™ = 0

as k — oo. Again, this is accomplished by picking 75 much larger than .

The preceding discussion describes the upper-density argument. For the lower-
density statement under the exponential moment condition (2.54), the same
convergence mechanism is used, but the choice of the auxiliary integer m must be
made more flexibly. The reason is that the lower-density construction no longer
uses the Gouézel-Karlsson tightness condition for the sequences from Proposition
3.11; see Remark 3.12. Instead, Proposition 5.14 of Cantat—Dujardin [8] controls
the ratios

™™l
NN

well enough to choose, for most large n, an admissible m for which this ratio is
small.

3.3. Proof of Proposition 3.1.

Proof of Proposition 3.1. Let w be generic in the sense of Proposition 3.11, and
apply it with p’, to be chosen later, in place of p to obtain (n;);en. The proof fol-
lows the strategy from the preceding outline. First, we choose auxiliary sequences
(m;) and (¢;) so that the density, growth, approximation, and Birkhoff estimates
needed later hold simultaneously. Second, we use these sequences to select a
high-density subsequence (7;) and closed currents CN’:Z" close to M ((f*), T )C’Zk :
Third, we prove that the classes of these closed currents become small after

applying (( mf ))*)_1. Finally, we use this estimate and compactness to identify

the possible limits and prove (3.2) and (3.3). At the end we explain how the
same construction gives lower density under the exponential moment assumption.
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By construction, there exists R > 0 such that
(3.37) M((f2).THM(C]) < R
for all ¢ € N. Let

S = {ni}ten-

By the construction of the sequence in Proposition 3.11, the set .S is contained in
the good set supplied by Claim 3.19. Hence, by Remark 3.18,

1
M((fM).TF) <
L) = ey
uniformly for n € S. Together with (3.37), this implies
1
3.38 - M(C™
339 (AR

is uniformly bounded as well.

We begin by introducing auxiliary sequences of integers (m;);en and (¢;)ien,
which will be used in the construction of (my) and (n). We choose m;, ¢; in
pairs (m;, ¢;) with m; — oo and ¢; — oo.

The integers (m;) will be chosen as a subsequence of the sequence (1) produced
by the following claim.

Claim 3.39. There exists mj — oo such that
1

d(S N (S +my)) > d(S)? - -

Proof of Claim 3.39. Set o := d(S), and let £ € {0,1}” be the indicator sequence
of S, so that &, = 1 exactly when n € S. Notice that £ = 0 whenever £ < 0. Let

C = {nE{O,l}Z:m:l}.
Since S has upper-density a, we may choose N; — oo such that
1
—#(SN{L,....,N;}) = «a.
N;

For all ¢ € N, define

1 N;—1
Po=— 50’" .
v N; nz:% ©

Each P; is a probability measure, so passing to a subsequence we may assume
P, — P weakly for some o-invariant probability measure P. By construction,

P(C) = lim P(C) = «.
1—00
Moreover, for each k > 1,

P(CNo*C) = lim Ni#(u, LNNSA(S+R) <dA(SN (SR

i—00 [V

Now let f = 1. By the mean ergodic theorem,

1 N
NZfoak—}f*
k=1
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in L2({0,1}*, P), where f* is the orthogonal projection in L2({0,1}*, P) of f
onto the subspace of o-invariant functions. Hence

%ZPCﬂakC / ( Zfoa )dP—)/f.f*dP:/(f*fdP'

Now
/f*dP:/fdP:P(C =

and by Cauchy—Schwarz,

/(f*)Qsz (/f*dP)2 =a?

N
| =
l}\rfriglofﬁ kg_ld(S N(S+k)) >a?

It follows that

In particular, for each j there are arbitrarily large m such that

- 1
d(SN(S+m)) >a*—-.
J
Choosing such m recursively gives the desired sequence (7). O

Fix 0 < e < A,. Next we define the pairs (m;, ¢;) recursively, depending on
this choice of ¢, so that several estimates hold simultaneously.

Claim 3.40. There exists a subsequence of (1m;) from Claim 3.39, denoted by
(m;), and an increasing sequence (¢;)ieN, of natural numbers such that the pairs
(mj, ¢;) have the following properties:

(1) Density satisfies

lim inf
=00 Cit1

|S N S + ml) [1,Ci+1” > E(S)Q

(2) We have ¢; — oo fast enough that ¢; > m; for all i,

Ci

— 0.

ci — m; — 00 and
Ci+1

(3) For every i € N and n > ¢;,
()] > et

(4) For every i € N and n € S with n > ¢;, there exists a closed positive
current T and

dG(M((f(Z})*T:)C,Z,T) < %6_(/\M+8)m1

recalling the definition of dg from Section 2.4.
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(5) For every i € N and N > ¢;,

(@) > 1~ !

7

_)‘N

1 N
¥ 2 o

(6) Let

2

)

N
o) = 20 o
j=1
For everyi € N and N > ¢,
1Y 1
N Z ]1{771 Gmi(n)<€(>‘#+5)mi}(ak(W)) >1— -
k=1
(7) Let

Hy(n) = dp (e+(((f; 1)) e () -
For every i € N and N > ¢,

1 )
E k

N ]l{”: Hmi(n)<%}(0— (w)) >1-— R
k=1

Proof of Claim 3.40. Let (1) en be the sequence obtained in Claim 3.39. We
will choose a subsequence of (7i2;), denoted (m;), and its companion sequence (¢;)
recursively. For m, ¢ € N, set

1
Loy, = {77: ‘mlnH(f;m)*H — A\

< 5} , Rm = {n: Gn(n) < e(>‘“+€)m},

—

1

Hom,i = {77: H,,(n) < }
We first show that
(3.41) PWALw) =1, pH(Rpm) =1, p (Hm) > 1

as m — 0o, where the last convergence is for each fixed ¢. The first convergence
follows from

: 1 —m*
lim —lnH(fn )| = Au

m—oo M
for p%-almost every 7.

For the second convergence, fix § > 0 and r > 1. Since

lin, (477 = A

n—oo N

for p%-almost every 7, we have

(27| < ePutom
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for all sufficiently large n. Moreover, by (1.1) and Borel-Cantelli, for z%-almost

every 1 we have Hn:;”cl < r for all sufficiently large j. Hence, for u%-almost
every 1,

N-1

1 1 o

h]{[n s;lop N InGy(n) < J\}I_Iféo Nln E eAut8)7 .2
— =

<Ay +d0+2Inr.
Letting 6 — 0 and r — 1 gives
) 1
limsup —InGn(n) < Ay
N—o00 N

almost surely, and therefore u%(R,,) — 1. Finally, H,,(n) — 0 for pu“-almost
every n by Proposition II1.3.2 in [5], applied to the measure i € Prob(SO(1,n))

defined by
Al = u((F)7H)-
This proves the convergence of u”(H,y, ;) for each fixed i.
Since the sets L,,, Ry, and H,,; form a countable family, we may also
assume that w is Birkhoff-generic for each of them. Thus, for each such set
Ee{Lm, Rm,Hm,},

N
1
(3.42) ¥ 2 el () (0
as N — oo.
We also record the two facts that will be useful for choosing ¢;. First,
(3.43) Jim [[(£2)7] = oo
—00

this follows from choosing w to be Furstenberg-generic. Second, let Z denote the
set of closed positive currents. We claim that

(3.44) de (M ((f21)T)Cy' Z) — 0

as i — oo. Indeed, the sequence
{M(z.mhey:ieny

is precompact, and each of its limit points is closed by Proposition 3.15. Therefore
every convergent subsequence has dg-distance to Z tending to zero, which proves
(3.44).

We now construct the pairs (m;, ¢;). Set ¢g = 0. Suppose mi,...,m;—1 and
co,---,ci—1 have already been chosen. By (3.41), we may choose m; = my;
sufficiently far into the sequence (1), with j; > 2i and m; > m;_q if i > 2, so
that

u” (L .)>1—l E(R .)>1—l MZ(7-1»)>1—l
" 2i’ " 2i’ e 2
Then choose ¢; so large that the following all hold:

(a) if i > 2, then

1505 +mioa) L] > S -

i—1



38 ETHAN COHEN

(b) 4=t < Land ¢; —m; > i;

c; 7
(c) (3) — (7) hold for the index 1.

This is possible as follows. When ¢ > 2, item (a) can be met for arbitrarily large
values of ¢; by Claim 3.39 and the choice j;—1 > 2(i — 1). Item (b) only requires
taking ¢; large. Then (3) and (4) in item (c) follow, after increasing ¢; if necessary,
from (3.43) and from (3.44). Finally (5), (6), and (7) in item (c) follow, after
increasing ¢; if necessary, from (3.42) and the choice of m;.

The recursive construction gives (3)—(7) directly. The inequalities C’C—Zl <1
and ¢; —m; > i imply (2). Finally, applying the (a) at stage i + 1 gives

1 - 1
’S N (S + m,) N [1,62'4_1]‘ > d(S)2 - -,
Ci+1 ?
and taking the lim inf proves (1). O

Next, we use the pairs (m;, ¢;) corresponding to the fixed 0 < ¢ < A, to choose
the final subsequence. Let E; denote the set of k € SN (S + m;) where the three
conditions whose Birkhoff averages appear in (5)—(7) hold:

(i) Uk(cu) € Lp,, (ii) Uk(w) € Rm,;» (iii) ok(w) € Hm,,i
Define
A= U(Ei N (¢, Cig1))-
i>1
Now

d(A) > limsup

i—oo  Ci+1

#(AN[L, cita])

> lim sup #(E; N (¢i, cig1))

i—oo  Ci+1l

. 1 C; 3
> lim sup ( #(SN(S+my) N[ civ1]) — - )

i—00 Ci+1 Ci+1 ?
> d(S)?

where the second to last line uses (5), (6), and (7), and the last line uses (1) and
(2). Hence

d(A)>d(9)2> (1-p)>1-p.

once we choose p’ sufficiently small.

We now impose additional equicontinuity, uniqueness-in-class, and transver-
sality requirements. Each corresponds to a large set, defined in the following
paragraphs, for which we assume w is Birkhoff-generic. We then keep only the
times at which the orbit of w belongs to these sets. These restrictions lose only a
small amount of density.

Fix pg > 0, to be chosen sufficiently small. By Lemma 2.42, we may pick a
compact subset K C Q with measure u”(K) > 1 — pg such that

{@(T;):UGK}

is an equicontinuous family admitting a uniform C°-bound.
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Let A~ C 2 denote the full-measure set on which the current 7," is defined
and is the unique closed positive current of unit mass in the class e™ (7). Letting
po > 0 be as above, by regularity of u% and Lusin’s theorem we may find a
compact subset K’ C A~ on which 7+ e~ (n) is continuous and pZ(K’) > 1 — po.

Echoing Remark 3.6, since px is non-atomic and e™(n) is independent of e (n)
we have

D, = {n: et (n) Ae(n) > T}

satisfies u#(D,;) — 1 as 7 — 0.
Choose 7 > 0 sufficiently small. We now further require w to be Birkhoff-generic
for K, K', and D,. With pg and 7 chosen sufficiently small,

{intren = AN {k e N: o"(w) € KN K N D, }

satisfies d({g} ) > 1 — p. We will prove this subsequence satisfies (3.2) and
(3.3).

For each ny, we now choose the associated integer my and closed approximant
described in the outline. Let i; be the unique index such that ¢;, < g, < ¢ 41,
and set my = m;,. Since 1, € A, we have 7y, € E;, N (S + my); in particular,
nE —mg € S. )

Since {7 }eny C S, by (4) there exists C’Zk € Z such that

- - . 1 B
(3.45) do (M((fi0). IO, Cir) < —e™mnnte),
(22

Note that the currents {C’Z’“ }k N have uniformly bounded mass since the currents
€

C’Zk are dg-close to currents with uniformly bounded mass; see Remark 2.7.
The key estimate is that these closed approximants become negligible after

applying ((/7f,)") "

Claim 3.46. We have

| e = o

as k — oo.
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Proof of Claim 3.46. Recalling (3.32) and (3.36),
e e = M ) e

= M) TE(CF 1 O ko))

+(Cp* = ML THOP | O((F,40,)) ko)
< M2 TR [ o7, )10

[ ol |[de (G, M((£2x) T )
< [(M(UZ)TDCP | O ko))

+¢k R (¢ ”k<w>) o |

< M(UETD| D O ro)]| + L]

where in the second inequality we used (3.45), and in the last line we used (i). It
remains to show that

M((FD)TH(CFE | O((f k) ko)) | = 0

as k — oo. Now
M) TR | O ) mo))]
< (M((f29)THCps | (fa () F0) + (M ((f2F)TH)Cx | ddeo((f ) ik () 0]

1 (C3* | (St o) + ! (CF [ ddo (£, o))

|y ()"
where in the last line we used M ((f),T.}) < H(fﬁlk)*

Echoing (3.33), we have

(M ((£3%)s T+) Cor 1 O((f rt,)) w0))]
(347) M(CRE™) 4 | (OO | ddp(( %) o))
~Jozr] o]

We handle the two terms in (3.47) separately.

Firstly,
oz H H<f33’“ " sz

using np — myg € S and (3.38). Recalling Remark 3.12, in the upper-density
case the sequence (n;);cny was chosen to satisfy the Gouézel-Karlsson tightness
conditions. Since (7)ren IS a subsequence of (n;)icn, it satisfies the same
tightness conditions. Hence

gy

I

< e_mk()‘u_é'rhk) — 0
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as k — oo, where we used that
ICEER | = ememomd]|(f3x )|

from Theorem 2.52 part (ii).

Secondly,
T 1 a0t o)) = Tt |6 | (72 Aol (75 ) o))
| iy
- (1) (WO | dd*(p((£,4F,)) o) © £34)
= [ € AU o 2204 0)
1
< W w(C | ko) Hw (font)” FUO)’CO

where in the third line we use that supp(1)) Nsupp(0C) = & and in the last line
we chose Ay > 0 such that —Ayrg < dd“p < Ayko.
We have seen in Remark 2.53 that

etre o) o = |ewrn, o owm wo)|| ,
g ) .
S| | [lo™ @)z
i=1
T o
—mp+t 1
< D ||, “illen
i=1
S e()\u—&—a)fnk
where the last line follows from (ii). Moreover, by (3),
H f’nk *H > zke()‘“+6)mk,
Hence
1 e . _ 1
(O | (£ ) R S Au(C | o)
[z i
We have shown that the two terms in (3.47) tend to 0 as k — oo, concluding the
claim. O

It remains to convert the cohomological shrinking from Claim 3.46 into the
desired convergence of currents. For each k € N, let

e—(k) = e_((( ;ﬁwa))*)fl)

which we recall denotes the contracting direction of (( ;ﬁwa))*)_l when it exists.

Here

(7 ) = ()
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and, for our adapted Euclidean norm, ||A7!|| = ||A|| for A preserving the
intersection form. Then for each & € N we may find ag, by € R, and unit vectors
wy, € e— (k)T such that

[égk] = age_(k) + bpwy.
By adaptedness of the Euclidean norm and Euclidean singular value decomposition
for (7)),

ok (w

—-m *\ — —-m *\ — 1

| ]| = el =1 and (7)) e B)]| = =
[=hE
(w)
S0
e yo71E | = el e b
o™k (w)

2

As H [CyH| = a? +b? is uniformly bounded in k, both |ay| and |bg| are uniformly

bounded. Since my — oo, condition (i) gives
—m *

[Cft

and hence Claim 3.46 yields by — 0. Consequently, either [CN'Z’“] — 0 or

dp([C7], e (k)) — 0.
Moreover,

> ePAu—e)m _y 0,

so by (iii) we have

It follows that either [C’Zk] — 0 or d]}n([ézk], e (o™ (w))) — 0.
Suppose that the sequence

(3.48) </X TS A ¢C> Ta_ﬁk(w) N (/X T;‘lk(w) A Tg_ﬁk(w)) M((f3*)sT) C:Zk (w)

does not converge to the zero current. By compactness, the preceding precom-
pactness remark, and Proposition 3.15, after passing to a subsequence (1), we
may assume that

(3.49) T

otk (w)
where T3 and T3 are closed positive currents satisfying M (71) = 1 and M (T3) < R.
We have shown that either [T5] = 0 or

dp([C}], e~ (0% (w))) — 0.

First suppose that [T5] = 0. Since T is a closed positive current, zero cohomology
class implies zero mass, and hence 75 = 0. Therefore

M((f3)T5) Cyf(w) = 0
as currents. By Lemma 3.8, it follows that

Ty N MO (W) = 0

=Ty and M((f4).17) Cif (w) = T,

(@)
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weakly as measures. On the other hand, Remark 3.5 gives

(3.50) [ T AMWUEDTDCY @) = [ T nwe

x ° (w) e
which is independent of k. Hence this constant must be zero. Since [ x T:}k (@) A
T v ) is uniformly bounded above in k, (3.48) converges to the zero current, a
contradiction.

Assume [T3] # 0. Since both currents are closed, dg-convergence implies
convergence of their cohomology classes. Since dg (T3, C’f;}’“) — 0, we have |[T5] —

[C’Sf” — 0, and hence
ds([T3], e (0% (w))) = 0.

Therefore dp([T2], [T1]) = 0, so there exists a # 0 such that [T5] = a[T}]; namely,
a = M(Ty). Recall K/ C Q was a compact subset for which n — e (n) is
continuous and T~ is the unique closed positive current in the class e™(n).

Moreover, by construction, o™ (w) € K’ for all k. By compactness of K’ and
continuity of n — e~ (n) on K’, the set e~ (K') is compact; hence, [T1] = e~ (n)
for some n € K'. By uniqueness, [T5] = M (T)[T1] implies To = M (T5)T}. So

(3.51) T =T and  M((f2).10) Cif (w) = T = M(Ty)Th.

“r (w)

By construction, the family
{@(Tjﬁk(w)): ke N}

is equicontinuous and uniformly bounded in C°. Applying Corollary 3.10 to
(3.51), we obtain

(3.52) T, AM(f).ThHek - T

b (w)
On the other hand, Remark 3.9 gives
(3.53) T Ny = Tp oy N1 = 0.

(@) (@) o'k (w)

Combining (3.52) and (3.53), and recalling that To = M (7>)T1, we obtain
(3.54) M(Ty)T, — M((f3)THTH,

k(w)/\Tg—>0.

AT, A Cj:’ﬂ =0.

(w) (@)
Integrating (3.54) over X and recalling (3.50), we find
Jx TF AypC
Jr —
fX Talk (w) A Tozk (w)

where Remark 3.6 is used to justify division by [ T;fk(w) A T;fk(w)’

have bounded mass (namely unit mass), it follows

(@)

(3.55)

— M(Tz),

Since the currents ngk )

that
T AyYC
(3.56) fﬁ d w_ Ty~ MT)T () — 0
fX Tozk (w) A Tazk (w)
Moreover,

(3.57) M(Ty)To,, = M((f5) T (w) = 0.

(@)
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This follows from (3.49) and the equality 7o = M (T3)T;. Substituting (3.57)
into (3.56), and using the uniform upper bound on [y T;Z_,k ) AT, @) which
follows from compactness of the unit ball in cohomology, we conclude that (3.48)
converges to the zero current, a contradiction. Thus (3.2) holds.

To prove (3.3), we apply the same argument. Indeed, if (3.3) does not hold

then there exists a subsequence (¢x) and closed positive currents 77, T, such that

(3.58) T o T and  M(( )T O (w) = T
but
(3.59)

+ — -+ — fk + + ek
</X oA ¢C) TG k(w) AT olk(w) (/ T otk (w) A Toek(w)> M )T )Tgék(w) A C¢

does not converge to the zero measure. If To = 0, then the same argument as
above gives

Ty N MFE)THCE — 0.
By (3.50), the scalar [, T.7 A 9C is zero, and hence the displayed sequence
converges to the zero measure, a contradiction. Thus we may assume 75 # 0. But
(3.54) and (3.55) prove the above sequence does converge to the zero measure, a
contradiction.

The preceding argument gives the upper-density statement. Assume now
that p satisfies the exponential moment condition (2.54). We explain how to
modify the construction to obtain lower density. The only point in the preceding
convergence proof where the Gouézel-Karlsson tightness condition was used was
in Claim 3.46, to show that

( g — mk) H

Since we do not have tightness in the exponential moment case, we replace this
by the following estimate from Cantat—-Dujardin. By Proposition 5.14 of [8],
applied with D = 1, there exists a finite y”-measurable function b(w) such that,
for every n > 1,

(3.60) Z M=)l H f < b(w).

The idea is that, given n, (3.60) forces ||(f2~™)*||/||(f2)*|| to be small for many
values of m. We will then choose m separately for each n, rather than using a
single value of m throughout a block of times.
Choose the initial set S from Proposition 3.11 with
d(S) >1-/
Fix 0 < e < A\y. With £,;,, Ry, and H,p,; as in the proof of Claim 3.40, choose
numbers v; — 0 and finite intervals I; C N such that m; := min I; — co and
b(w)
il €]

— 0.
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By (3.41), we may take the intervals I; far enough out so that, for every m > m;,

1 1 1

Z Z Z

1—— 1—— ; 1——.

w (L) > 5" 1 (Ruy) > 5" 1 (Homi) > 57

Set M; := max ;. We choose ¢y = 0 and then choose ¢; recursively so that

the interval analogs of conditions (2)—(7) in Claim 3.40 hold. Namely, ¢; > M;,
¢i — M; — 00, ¢;—1/¢; — 0, and the following estimates hold for every N > ¢;.
The analog of (3) is

) > dewros,

The analog of (4) is that, for every n € S with n > ¢;, there exists a closed
positive current 7" such that

1

The analogs of (5)—(7) are that, for every m € I; and N > ¢;,

N
1 1 1 1
Nzﬂﬁ (Uk(w))>1—g, NZMM(U’?(M))M—?
k=1 k=1
(3.61) o 1
N Z]IH’"L L(O-k(w)) > 1 - g'
k=1
Finally,

d(SN(S+m))>2d(S) — 1

for every fixed m € N. Since I; is finite, after increasing ¢; we may arrange that,
for every m € I; and every N > ¢;,

#(SN(S+m)N[L,N]) > <2d(S) —1- 1> N

i
Hence
(3.62) #{(n,m)e[l,N]xILi:neS n—meS}> <2d(5’) —-1- :) N|I|.
For m € I;, write

Qi,m = Em N 7?fm N Hm,i-

Then o™ (w) € Qjm is precisely the condition that the three estimates (i)—(iii)
hold at k = n with m in place of m;.
For n € S, say that m € I; is admissible for n at stage ¢ if

(™)

_ n . < A
n—me.S, 0" (w) € Qim, TR Y.
Let E; be the set of n € S for which there exists an admissible m € I;. For
such an n, let m(n) be the least admissible m € I;. By (3.60), for each fixed n
there are at most b(w)/~; values of m for which the last displayed inequality fails.
Combining this with (3.62) and (3.61), we obtain, for every N > ¢;,

(2

#(E;N[1,N]) -] > <2d(S) —1- 1) N|L| — %N’IZ‘ B bi/w)N
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Indeed, #(E; N [1,N]) - |I;| is at least the number of pairs (n,m) € [1,N] x I;
such that m is admissible for n. Then (3.62) gives the first term. Then the three
conditions from (3.61) remove at most 3N|I;|/i pairs, while (3.60) removes at
most b(w)N/~; pairs.
Dividing by |I;| yields
#(EiN[1,N]) > (2d(S) =1 — ) N,
where
4 blw)
= -+ —~
oyl
satisfies «; — 0.
Now set
A= U (£ N (cis ciga]) -
i>1
If N is large and i = (V) > 2 is determined by ¢; < N < ¢;4+1, then
#AN[LN]) = #(E:i N [L,N]) —ci+ #(Eim1 N [La]) — cima
> (2@(5) —1- OZZ)N + (261(5) -2 - Oéifl)ci — Cj—1-
Dividing by N and taking lim inf gives
d(A) > 4d(S) - 3,
since ¢;/N <1, ¢;_1/N < ¢;i—1/¢; — 0, and a; — 0. Choosing p’ < p/4, and then
choosing the auxiliary sets K, K’, and D, with sufficiently small density losses,
the final set

{iptpen =AN{neN: 6" (w) e KNK' ND;}

has lower-density greater than 1 — p
For each ny € A, let iy be the unique index such that ¢;, < ng < ¢;,+1 and
set my == m(ng). Then my — oo and ny — My — 00, because min I; — oo and
— M; — oo. Since my, < M;,, the estimates corresponding to (3) and (4) give

N 5 5 _ 1 5
12| > ine ™ and de (M ((f24)T0)Cpk, Cpt) < —em Gute)mn
a3
for some closed approximants C’Z’“ The rest of the convergence proof is unchanged
aside from Claim 3.46, where the term that previously used Gouézel-Karlsson is
now bounded by
1 o [ mk) [Cr&e™) ]|

MO
(7255

W H <’)/ik — 0.

4. PROOF OF THEOREM 1.2

Let v € S(u) have maximal fiber entropy. Notice that if v were not ergodic,
then by ergodicity of uZ under the shift, almost every ergodic component would
belong to S(u). Moreover, almost every ergodic component would have maximal
fiber entropy. Therefore it is enough to treat the case where v is ergodic.

By Theorem 1.5, b} = Ay > 0. Thus Lemma 2.69 implies that v is hyperbolic
and that the stable and unstable manifolds are Zariski dense for v-almost every
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(w,z). Fix a v-measurable partition 7 given by Proposition 2.31, subordinate to
the unstable manifolds of v and refining the partition into fibers of p: 2 x X — Q.
As in Definition 2.30, write

no(z) ={y € X: (w,y) € n(w, z)}.
Recalling the outline in Section 1.3, our proof is split into two steps.
Step 1.

Since 1, (z) is almost everywhere bounded in W} (z) (see Remark 2.33), by
Section 2.12 we obtain a Borel measure

T;‘nw(x) = ]lnw(ﬂﬁ)T:‘Wg(x)

on X. Consider the function
— + _ ot
flw,z) = /XTM |77w(z) =1, \Wg(z)(nw(ﬁﬂ))-

Notice that f(w,z) is defined almost-everywhere, and since T, ‘W“ @) is Radon

and 7, (x) is bounded in W4 (x), f(w,x) is almost-everywhere finite.
Claim 4.1. The assignment (w,x) — f(w,x) is v-measurable.
Proof. Recall from Lemma 2.60 that
Jr
(w, CU) — Tw |W$,10C(x)
is v-measurable, with values in the space of finite Borel measures on X equipped

with the weak topology; that is, it defines a measurable kernel 2 x X — X.
For each n € N,

f((")?x) = TJ‘Wﬁ(w)(Uw(x))

1
= (Foni)s | Tnge, . (N ()
M(( :*"(w))*Tot"(w)) ) ( )‘W:"(W)(f”n(x))
1
= T, (/" (o ()))-
M((f3n o) T n ) © (w)‘wf—w(f”(x”

Almost surely, f,"(n,(z)) is contained in a local unstable manifold for all
sufficiently large n. Hence

— i 1 + ) —n
T = B M ) T ) i ey )

It remains to show that the terms in this limit are v-measurable. More generally,
we claim that if v is a v-measurable partition of Q x X and (w,z) = p(y ) is
a v-measurable kernel with values in finite positive Borel measures on 2 x X,
endowed with the weak topology, then

(w’ x) = Bw,z) (7(“7 x))

is v-measurable. Applying this claim with v = F~"5 and then composing with
F~™ we obtain the measurability of the n-th term in the displayed limit.

To prove the claim, recall that since - is measurable, there exists a standard
Borel space Y and a v-measurable map ¢ : © x X — Y such that y(w,z) =
¢ '(q(w,z)) almost surely. Then since Y is standard Borel, the diagonal A C
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Y x Y is measurable, so (¢ x ¢)"1(A) = {((w,2), (W, 2")): y(w,z) = y(w', 2)}
is measurable. Hence ((w,z), (w',2)) = 1, z)(w',2") is measurable and one
applies Lemma 3.2 (i) of [22] to conclude that

(wa (IZ) = H(w,z) (7((")7 l’)) - / ]l'y(w,a:) (wla 1'/) dlu'(w,x) (w/7 .Z'/)
QxX

is v-measurable.

Claim 4.2. f(w,x) is almost-everywhere positive.

Proof. By the equivariance property (2.45), the set {(w,z) | f(w,z) =0} is F-
invariant and thus has either full or null v-measure.
Assume the former; then by (2.45) again we find that Tj‘wu(x) (F™))y(x)) =0

for all n. Moreover, v-almost everywhere, (J, 5 (F"n)w(z) = Wi(z); this follows
from Remark 2.33, since 7,,(x) contains a relatively open subset of the unstable
manifold, with radius bounded below by a positive measurable function. In their
proof of Theorem 2.66 (see Theorem 8.2 and Lemma 8.8 of [8]), Cantat and
Dujardin show that if T is a closed positive (1, 1)-current with unit mass and
continuous potentials, then T‘Wu (@) = 0 implies that 7' is the unique Ahlfors—
Nevanlinna current with unit mass associated to W} (z), namely T' =T, . But
we have shown that 7.} |Wg; () = 0 generically, so T, =T, . Since T} # T, for
generic w, we derive a contradiction. O

By the same measurable-kernel argument used in Claim 4.1, the assignment
(W, o) = 6, TS ’77 () defines a v-measurable kernel. Since f is positive almost

everywhere, the same is true after dividing by f.

Claim 4.3. Let v* be the measure on 2 x X defined by

+
o / b ®Tlw
flw,x)

Then v = v*.
By the uniqueness of conditional measures, Claim 4.3 implies:

Corollary 4.4. For v-almost every (w,x),

T,

0= o)
Proof of Claim 4.3. By construction, v and v* agree on B(n), the collection of
measurable sets that are unions of n-atoms. We will show that they also agree
on B(F~'n). By applying the same argument successively to B(F~'n) for each
i > 1, it follows that v = v* since lim,, o, F'~"1n is the partition into points.
We begin by noting that = € supp v, () for v-almost every (w,); this follows
from the defining properties of conditional measures. Therefore we may consider
the ratio

Tj‘wﬁ(m)((Filn)w(x))
f(w7$)l/nw(a:)((F_1n)w(x>)
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which one can see is positive almost surely by replacing n with =5 in Claim
4.2. From the defining properties of conditional measures and the fact that F~1n
refines 7, it is straightforward to check that

= Tt |Wu x) (F~n)u(x))
F e (o (F ) ()

v=1.
So by Jensen’s inequality,

T ((F~'n)w(2))

w Wy (x) v
In « dv <0
/ (f(w,fﬁ)Vnw(m)((F‘ln)w(ﬂf)))

with equality if and only if

T [y oy (F ') (@)

fw, vy, @) (F~0)w())

v-almost everywhere. Notice
T |y (F 1))
/ln = — dv
f(w, 2)vy, @) (F71n)w ()

/1H<T+’Wu(x)((F_1n)w($))) dv

=1

(4.5)

and by Proposition 2.34,

(4.6) [ W (P () dv = HE ) = 1
Furthermore, we have the identity

T:}WJJ‘(I)((F_ln)W(x)) - Taj‘wg(x) (Wo_l(na(w) (wox)))

= ((WO)*T;) ‘W;(w)(woz) (na(w) (woﬂf))
(@.7)

=M IT
((Wo) w) U(‘“’)’W&w)(wom)

= M ((wo)+TH) f(F(w,x))

(na(w) (Woac) )

which we apply to find

T |y oy (F - m)@))
/ln( Floa) > dv

:/ln <M((Wo) fT(:)x >
/lnM((wo) ) dv + f(f;( ))) dv

(4.8) = —/lnM(wa‘T:(w))dV—i-/ f(f(fu,:r))) dv.
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Now
(4.9) / In M(wgTf,)) dv = / In M (5T ,)) du” = N,

where the first equality holds since p,v = p? and the second by the mass version
of Furstenberg’s formula (see Theorem 2.19). By (4.7), we also have

E@) _ TlweFma@) 1

W0 TFo )~ M (o) T )~ Mot 7o)

where the inequality uses that F~7 is a refinement of 1, and the final equality
follows from (2.45). By compactness, we may pick C' > 1 such that M(g*«a) <
C|g*|| for all g € Aut(X) and all closed positive (1,1)-currents o with unit mass.
Then by (4.10),

f(F(w,z)) N
/ In*t Wdu < / In* M(wOT;(w))dy

S(/ﬁn+(CHgﬂDduQﬂ
gmc+/mwwwmmw

which is < oo by (2.9). Now f is a positive, finite measurable function satisfying
In* LEw2) LY(Q x X). By Lemma 1.3.1 of [31],

flw.z)

F
(4.11) /mﬂ(w’x))du:o.

flw,z)
Plugging (4.9) and (4.11) into (4.8) we have

T} (F~'n)u())
w IWe(z) w
4.12 1 x dv = —\,.
(12 l/“< f(w.2) v
Now combining (4.12) and (4.6) with (4.5), we have proven that
hy =2\ <0

with equality if and only if v = v* on B(F~1), as desired. O
Step 2.

Since p,v = p?, if a set has full y?-measure in Q then its inverse image under
p has full v-measure. We deduce that there exists a set A C Q2 x X with full
v-measure such that for all (w,x) € A we may define the sequences

1 N
my = N ; Oom (w) @ Mgn ()

and
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For every f € Cp(2 x X),

cw—)/fwdmw

is measurable and in L'(x%), so the ergodicity of u? with respect to o and the
ergodic theorem yield

NZ/fo%u dmgn ) %//fwdmwdu /fdm

almost surely. Hence my — m weakly as N — oo.
In Step 1, we proved that, v-almost surely,

Z r]wx)

Let f € Cup(2 x X). By the ergodic theorem and the defining property of
conditional measures, v-almost surely we have that v, (,)-almost every y € n,(z)
satisfies

1N
< ) [(F"(w,y) — [ fdv.
s - f

Moreover, since f is uniformly bounded, dominated convergence gives

/fdyN_ Z/fF"wy ) dv,, —>/de

After applying the preceding two arguments to a countable family of test functions
determining weak convergence and shrinking A, we may assume that, for every
(w,z) € A, my — m and vy — v weakly.

Now fix (w,z) € A. Recalling Remark 2.33, we can choose 71,72 > 0 such that

Wi (w,r) Cnu(x) C Wi (w, ).
Therefore we may find smooth ¥7,19: X — [0, 1] such that
(1) ¥1(x) > 0 and (supp 1) N W3, (w,z) C W (w, ),
(2) ng‘w;é(w?x) =1, and
(3) (suppeo) NW3 (w,x) C W3, (w, ).
Recall from Section 2.12 that

+ _ + _ +
(4.13) 7 ‘nw(m) =Ly, @)1 ‘W;;(x) =Ly, @)1y ‘W:?{TQ(w,x)'
Since, on W3 (w, z),

¢1 < ]lm,(:r) < 1/}27

we have
(414) wlT ‘W“ (w,x) — T+{ wQT:|W§Lr2 (w,z)

as measures.
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Notice that z € supp T} }?7 () O 2 full-measure set. Indeed, we have T, |77 () €

v,

() and proved x € supp v, (,,) almost surely in Step 1. Hence

) ’
Applying Lemma 2.57,
¢iTJ‘W§LT2 (wa) T; N (¢1[W§’Lr‘2 (w,x)])

for s = 1,2. Now we define
. 1 X
Vi = 0 D Gy ® N (T A (Wi (, 2)]).
n=1

By (4.13) and (4.14), and accounting for the normalization in v, we obtain

</X T A (wl[Wg;z(w,a:)])> Vo (w, 2)

() ten

< ([ 7 Al o)) 0
Hence there exists K > 0 satisfying
(4.15) K 'y (w,2) <vn(w,2) < Kvg(w,2)

for all V.

By Remark 3.4, the full-measure set of (w,x) on which Proposition 3.1 holds
may be chosen independently of C' and . Then by Proposition 3.1, for each
p > 0 there exists A, C N with upper-density greater than 1 — p such that, letting

N
V() = 3 D014, () (Boney ® ()N (TF A (il (. 2)))
n=1

N
() = 15 D0 L, (1) (o) @ (F)emes)
n=1

We first show that Proposition 3.1 implies
(4.16) my(p) —vn(p) =0

weakly as N — oo. Let h € Cp(2 x X). Choose compact sets K; C Q with
pZ(K;) — 1, and shrink A so that w is Birkhoff-generic for each K;. On each
K; x X, the family {h,: n € K;} is precompact in C°(X). By Proposition 3.1
and Remark 3.7, we have

L, (n) (£)sme — (F5)N(TF A (1 [Wa;, (w, 2)])) = 0

weakly. The signed measures in this sequence have total variation at most 2.
Therefore their convergence to zero may be tested uniformly on the precompact
family {h,: n € K;}. Then Birkhoff genericity gives

msup | [ o)~ [ nark(o)| < 2o

N—oo
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Letting j — oo gives
/hdmN(p) - /hdu}v(p) — 0.

Since this holds for every h € Cy(Q2 x X), we have my(p) — va(p) — 0 weakly.
Now, since A, has upper-density greater than 1 — p, there exist N}, — oo such
that for every f € Cp(Q2 x X),

[rak~ [rakol.| [ samy, - | fdme(p)‘Sprllco

for all £k € N. Combining (4.16), (4.17), and the weak convergence my — m, we
obtain

(4.17)

‘/fdl/}vk - /fdm‘ < 3l fllco

for all k large enough, where we emphasize that the sequence Nj depends on p.
Therefore, for every nonnegative f € Cp(2 x X), by (4.15) we have

([ ram=solsleo) < [ ran,

for all k large enough. Since vy, — v weakly, it follows that

([ ram=solsleo) < [ ra

Taking p — 0 yields K~ 'm < v.
An analogous argument with o proves v < K'm, hence

K 'm <v < Km.

Since m and v are F-invariant probability measures and v is ergodic, the Radon—
Nikodym derivative of m with respect to v is F-invariant and therefore v-almost
surely constant. Hence m = v.

5. EXPONENTIAL MOMENT IMPLIES m IS MIXING

The main theorem of this section is the following.

Theorem 5.1. Under the hypotheses of Theorem 1.2, suppose in addition that p
satisfies the exponential moment condition (2.54). Then m is mixing for F.

Before beginning the proof, we show that the exponential moment allows some
uniformity in the sequence coming from Proposition 3.1. Precisely, suppose we
are given an assignment

w = Yy Cu,

where each C,, is a positive (1,1)-current, each 9,: X — R>q is smooth and
satisfies

supp(¢,) Nsupp(dCy,) = @,

and the assignment w — 1),C,, is u%-measurable as a map into currents endowed
with the weak topology.
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Lemma 5.2. Suppose u satisfies the exponential moment condition (2.54). Let
p > 0 be given. For every B > 0, there exists a subset Qg C 0 with ,uZ(Qg) >1-p
and, for every w € g, a sequence

G(w) = {7 (w) }pen
such that:
(1) each G(w) satisfies the conclusions of Proposition 3.1 for p and ¢,C,,
(2) for every n € N, the set
78 ={weQp:neGw)}
is p”-measurable with

lim inf 1Z(Z8) > s(p),

n—oo
for some constant s(p) depending on p where s(p) — 1 as p — 0.

Proof of Lemma 5.2. Fix > 0. Recall that, in the proof of Proposition 3.1, the
starting point is the set

S(w) = {nk}pen
given by Proposition 3.11. In the exponential moment case, the sequence produced
by Lemma 3.16 is N. Hence, in the proof of Proposition 3.11, the only restriction

comes from Claim 3.19. Thus, for a small £9 > 0 to be chosen below, define S(w)
to be the set of times n for which hy(w) > eo:

(5.3) S(w) = {n € N: hy(w) > &0},

recalling the definition of h,(w) from the proof of Claim 3.19. For each n € N,
define

(5.4) Vi={weQ:neSw)}={weQ: hy(w) >eo}.
By the convergence (3.26) established in the proof of Claim 3.19,
lim sup pZ(V,) < r(eo),

n—oo

where

T‘(t) :://ﬂ{|<w,v)|§t} dﬁ]:(w) dI/]:(U).

Here vr is the Furstenberg measure associated to the forward action, and Ux
is the corresponding Furstenberg measure for f(f*) := u((f*)!). Since these
measures give no mass to proper projective subspaces, r(t) — 0 as t — 0.

Choose auxiliary p’ > 0 small enough that the lower-density part of the proof
of Proposition 3.1 gives the conclusion with parameter p whenever its initial set
S satisfies d(S) > 1 — p/. Then choose g9 = g¢(p) > 0, tending to 0 as p — 0,
such that r(2g9) < p/. For almost every w, by the estimate (3.27) in the proof of
Claim 3.19 we have

d(S(w))>1—-7r(2) >1—)p
where S(w) is defined by (5.3). This choice of ¢ is independent of w. Set
s'(p) =1 —2r(gp).
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As p — 0, we have g9(p) — 0 and thus s'(p) — 1. Choose s(p) < s'(p) with
s(p) — 1 as p — 0; this will eventually be our s(p) in the conclusion of the
lemma.

By Proposition 5.14 of [8], applied with D = 1, there is a finite z”-measurable
function b(w) such that, for every n > 1,

(5.5) Z ” ‘{;nm) ” < b(w).

Choose 0 < o < 1 so small that

2¢ 2a ,
1_a<ﬁ and m<s(p)—s(p).

Choose By < oo so that

pZ({w € Q: b(w) > By}) <

(%

1—a
Fix 0 < € < A,. Recalling our notation from Claim 3.40, choose numbers v; — 0
and finite intervals I; C N such that m; := min I; — oo and

B
o 0.
7ilil
Taking the intervals far enough out, we may assume that, for every m > m,,
1 1 1
Z Z Z
. 1—— 1—— 1——
(5.6)  p(Lm)>1=o5 W Rm) > 1= o (M) > 1= o
Set M; := max ;. In the exponential moment case of Proposition 3.1, after

setting cop = 0, the integers ¢; were chosen so that the interval analogs of (2)—(7)
and the additional condition (3.62) hold for fixed w and the intervals I; chosen
above. The same argument allows us to choose (¢;)ien, that works uniformly on
a large set. Precisely, there exists (¢;)ien, and sets P; C Q with pZ(P;) > 1 — o
such that, for every w € P;, the interval analogs of (2)—(7), as written in the
lower-density section of the proof of Proposition 3.1, and the additional condition
(3.62) hold. This follows from the same limiting estimates because the relevant
quantities are y”-measurable functions of w.
Set

Qo = <iOIPi>ﬁ{weQ:b(w)§Bo}.

Then

, 2
YQa) 21— af lf‘a:l— aa>1—ﬁ.

i>1
For m € I, set
Qi,m = ['m N Rm N Hm,i-

By the choice of the intervals I; above, in particular (5.6), MZ(sz) < 2% for
every m € I;. For w € ), and each i € N, define

Ei(w) = {n € S(w): there exists m € I; admissible for n},
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where m € I; is admissible for n if

N n , ™)
n—me S(w)v g (w) € Ql,ﬁh n < Yi-
AR
As in the proof of Proposition 3.1, let
Aw) = (Bi(w) N (e, cin]) -

i>1
The condition ¢; — M; — oo will only be used below to ensure that n — m — oo
whenever ¢; <n < ¢;41 and m € I;.

If ¢; <n < cjyq, set

| I soN }
Unm = Q. —* 2 >~ ¢ -
’ {“’ T S

Then, recalling the definition of Vj in (5.4), {w € Q4: n € A(w)} is the finite
union over m € I, of the sets

Qo N Vi N Ve N0 (Qim) N Upm-

Thus this set is z%-measurable. Since the union contains each of the sets displayed
above, its measure is at least the average of their measures over m € I;. Moreover,
as ¢; > M;, every m € I; satisfies m < n. For each fixed w € €),, the estimate
(5.5) gives at most By /% values of m € I; for which w ¢ U, p,. Therefore

By
> W (QanUg,,) <
T 2 il
Hence, using shift-invariance of u?,
pr({w € Qu:n € A(w)})
By
>1—p2(Q8) — - —
2c 3 BQ
>1-— - — — )
2l ) rnz’“‘ T2 il
mel;

When i = i(n) is determined by ¢; < n < ¢;41, we have i(n) — oo as n — co. By
the choice above, n — m — oo uniformly for m € I;. Since limsupy_, ., pZ(V) <
r(e0), it follows that

(5.7) lilginf i {w e Qu:n e Alw)} > 1 —2r(g0) — . =5'(p) —

Choose § > 0 so that

2ce
= '(0) = 5(0).

Then choose the sets K, K’, and D, appearing at the end of the proof of
Proposition 3.1 so that their total measure loss is less than § and small enough to
preserve the lower-density conclusion there. Let A be the full-measure set on which
S(w) has the lower-density required above and on which w is Birkhoff-generic for
K, K', and D,. Finally set

Qﬁ = Qa NA.
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Then u%(Q5) > 1 — B. For w € Qg, define
Gw) =Aw)Nn{neN: " (w) e KNK'ND,}.

Then, by the proof of Proposition 3.1, G(w) satisfies the conclusion of Proposition
3.1. Moreover, for each fixed n, the set

78 ={weQs:necGw)}
is p”-measurable. Indeed, if n < ¢;, then ZE =@. If ¢; <n <1, then
ZE=Qsno "(KNK' ND)N | (Va NV N0 (Qim) N Unim)
mel;
which is py%-measurable. With these choices, (5.7) gives
2a

liminf uZ(Z8) > §'(p) —

n—o00 l1—«

— 0 > s(p).

This proves the claimed lower bound.
O

Proof of Theorem 5.1. Since m is a Borel probability measure on the metrizable
space ) x X, bounded continuous functions are dense in L?(m). Moreover,
bounded continuous functions whose restrictions to the fibers {w} x X are
smooth are dense in L?(m). This follows by approximating on compact subsets
of Q with arbitrarily large p“-measure and smoothing in the X-variable. Thus it
suffices to show that

/Qﬂ'(@OF")dm—/@/}dm/tpdm%O

for bounded, continuous functions ¥, p: 2 x X — R whose fiber restrictions
Y, Pu are smooth. Finally, it is enough to treat the case ¢, ¥, > 0 for every
w € Q.

Write

mm:AmA%,

which is positive for y%-almost every w by Remark 3.6. Using the definition of m
and the identity
(90 0 Fn)w = Pon(w) © fg
we obtain
1
v (oo Fydm = [ (po g
[o-teorm (o Pz
1

= [ (on(e) © [ o d(TF N, T) du?(w
[ a0 55 ) du ()

d(TF NTS) dyi ()

_/gbA%WM%MﬁAMUMﬂM-

Fix p > 0 and choose v > 0. Since 7. is closed and depends p”-measurably on

w, the assignment w — 1, T satisfies the hypotheses of Lemma 5.2. Applying
the lemma with + in place of 3, we obtain a set ), and, for each w € €1, a set

G(w) = {7k (w) }ren -
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Set G(w) = @ for w ¢ Q, and define
Zp={weQ:neGw)}.
Then Z, is the set Z, from Lemma 5.2. Hence, for some s(p) — 1 as p — 0,

(5.8) lirginf 12(Zn) > s(p).

Fix 0 > 0. By regularity, choose a compact set K, C € with MZ(KQD) >1-—29.
Since ¢ is continuous on ) x X, the family
{en:ne K}
is equicontinuous and uniformly bounded. Define
Gs(w) = Gw)N{n e N: ¢"(w) € K,}
and
Zpns ={weQ:neGs(w)}=2Z,No "(Ky).
By shift-invariance of xZ and (5.8),
lim inf u”(Z,s) > s(p) — 6.

n—oo

By Remark 3.7, for y-almost every w the signed measures

n I T AT ~
(5.9) ]1G(w)(n)<(fw)*(TJ ATy ) — WTQ(W) /\Tan(w)> —0

weakly as n — oo. Since G5(w) C G(w), the same convergence holds with Gs(w)
in place of G(w). For fixed w, the signed measures in (5.9) have uniformly bounded
mass. Along Gs(w) the test functions ¢gn(,) belong to the equicontinuous family
above, so (5.9) gives

(5.10) 16w (n)|an(w) — bp(w)] =0

for p“-almost every w, where

-— L n —+ —
nw) = 55 [ P DTS A T)),
w) = 1 fX TJA¢WTJ + _
) = G i)y P 1T A o)

Moreover,

|an(@)]; 1ba(w)] < llellcoll¥llco-
Thus, by dominated convergence and (5.10),

/ lan (w) — by (w)] d,uZ(w) — 0.

Zn,6

It follows that

[ @) i@) = [ 0,0) ()] < 2ol len tmnsups(25,)

< 2flellcol[llgo (1 = s(p) +9).

lim sup
n—oo

By the computation at the start of the proof,

| a@ @) = [v- oo im.
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We now identify the limit of the b, terms. Set

R e - ._
ﬁ(w) /XTw A¢wTw> ’U(UJ) T

Then u and v belong to L?(u%) and

Z = u(wv(o™(w Z(w).
/an(w)du <w>—/ (@)o(0™(@)) dyi (@)

Q

u(w) =

ﬁ(lw)/xgpwd(Tj/\Tw_).

Since (92, u%, o) is mixing,

/an(w) duZ(w)%/S)uduZ/de,uZ.

By the definition of m,

/Qud,uzz/wdm and /de,uzz/godm.
[ b)) > [wim [ oam

Combining the last two estimates gives

[ o Fmyim - /wdm/godm\ < 2l golllleo(1 - () +6).

Letting 6 — 0 and then p — 0, and using s(p) — 1, proves the theorem.

Therefore

lim sup
n—oo

O

A. RANDOM TOPOLOGICAL ENTROPY AND THE VARIATIONAL PRINCIPLE

In this section, we define random topological entropy and state the random
variational principle. Fix a Kéahler surface X and a Kahler form x, and let d
denote the induced metric on X.

Definition A.1 (Separated set). Let € > 0 and n € N. We say that a subset
S C X is (w,n,e)-separated if, for all distinct z,y € S, d(f(x), fL(y)) > € for
some 0 <17 < n.

By compactness, every (w,n,e)-separated set is finite, and for each fixed
(w,n,€) there is a uniform bound on the cardinalities of such sets. Let r¥(n,¢)
denote the maximum size of an (w, n, ¢)-separated set.

Definition A.2 (Random topological entropy). We define
1
hiop(pt) == lim lim sup / In7*(n, ) du”(w).
e=20 pooo M Jo
We call hyop(pe) the random topological entropy of s
Remark A.3. The topological entropy hyep(it) has several equivalent definitions,

and we refer to [24] for details. We will use that for pN-generic w (see [25],
Theorem 11.2.2),

N 1
huop(ps) = limy lim sup — In 7 (n, €).
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Just like in the deterministic case, fiber entropy and random topological
entropy satisfy a variational principle. In the case that p has compact support,
the variational principle is due to Ledrappier and Walters (see [30]); the general
case is due to Bogenschiitz (see [4]) and Kifer (see [25]).

Theorem A.4 (Variational Principle).

sup B = hiopi)
veS(u)

and the supremum is achieved.

B. RANDOMIZED GROMOV’S THEOREM

We turn our attention to proving that hi, (1) = Ay. The direction A, < hyop(p)
is due to Yomdin and Kifer (see [26]); they prove the analog of Yomdin’s theorem
in our setting. In a sentence, they show that, in the C'° category, exponential
volume growth bounds topological entropy from below. Trivially, growth in
cohomology bounds volume growth from below, so the inequality follows.

The direction hiop(p) < A, is due to Gromov (see [20]), once we restate his
theorem using the random notation.

Theorem B.1 (Randomized Gromov). Let X be a Kdihler surface and i a
probability measure supported on Aut(X) satisfying the moment condition (2.9).
Then hiop(p) < Ay

We recall the proof below, following closely the one presented in [15].

Proof of Randomized Gromov. Fix a Kahler form x and let d denote the induced
metric. Given w € Q4 , define

Falz) = (z, fola), fol@), ... fi7 (@) € X"
and let A7, = F(X). The key idea in Gromov’s theorem is to bound r¥(n,¢)
above by the volume of A7, in X" times a constant independent of n. This will
follow from the monotonicity formula for minimal surfaces and Federer’s theorem.
Then one shows that, since A} is holomorphic, its volume grows exponentially at

rate Ay.
"
Let m;: X™ — X denote projection to the ith factor, for 0 < i < n, and set

ki = ;K. Then
n—1
Rp = E Kj
=0

is a Kéhler form on X™. Let d,, be the distance induced by x,. All volumes and
lengths in X™ will be with respect to d,.

Let S be an (w,n,ce)-separated set. Then, for all distinct z,y € F2(95),
dn(x,y) > €. Therefore,

(B.2) VOl(AZ) > >~ Vol(AL N B.jy(x)).
z€F2(S)
Given a compact complex manifold Y with Kahler form « and a ¢g-dimensional
complex submanifold W, for € > 0 let
1

1
— q _
Dens, (W, z) == 52‘1/ . al = - Vol(W N B:(x)),
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where by volume we mean the 2¢-dimensional volume induced by «, and balls
are with respect to the Kéahler metric.

Theorem B.3 (Monotonicity Formula and Federer’s Theorem). Suppose the
sectional curvature of Y has absolute value uniformly bounded above by K. There
exists e(K) > 0 and C > 0, depending only on q, K, and a lower injectivity-radius
bound for'Y, such that, for all 0 < ¢ < e(K), Dens.(W,z) > C for all z € W.

In the Euclidean case this follows from the Monotonicity Formula and Federer’s
theorem, and the bound K limits distortion in charts.

Now notice that if X has sectional curvature bounded by K, then X" has
sectional curvature bounded by K and injectivity radius bounded below uniformly
in n. Therefore, there exists g > 0 such that for all 0 < € < gg and n > 1,
Dens, /5(Af, z) > C for all x € Af}. Then, for any ¢ < g9 and n, applying (B.2)
we get

Vol(An) > 3 Vol(AZﬂBg/Q(x))z(2)4C|S|.

zeFN(S)

Letting S be a maximal (w, n,€)-separated set, by Remark A.3 we find

1
hiop(p) < limsup — In Vol(A[}).

Finally, e
. 2
vol(az) = [ = J = [ (ZO< i)*ﬂ) .

Expanding gives

n—1 2
. 1 7\ * . 1 n\ *
hmsupnln/X<E (f2) /<c> :hmsupnln/xﬁ/\(fw) K= Ay,

n—00 ; n—00
=0

where the last equality holds for generic w. ([

C. PRODUCT STRUCTURE OF m IN PESIN BOXES

In this section, we prove that m has product structure in Pesin boxes. For us,
a Pesin box has the following definition.

Definition C.1 (Fibered Pesin box). A fibered Pesin box (see [1], [14]) over w € 2
for a hyperbolic measure v € S(u) consists of a compact subset @, C X with
positive v,-measure, an open neighborhood N(Q,) of @, that is biholomorphic
to D x D, and transverse compact laminations £ and L, of N(Q.,) whose leaves
are horizontal and vertical graphs, respectively, under the identification of N(Q,)
with D x D. The defining property of a Pesin box is that £, £ are laminations
by local stable/unstable manifolds, and @, has product structure with respect
to these laminations. This will be made precise in a moment.

Let K denote the intersection of £ with the vertical fiber {0} x D in the
coordinates above, and let K7 denote the intersection of £5 with the horizontal
fiber D x {0}. Let L%(x,y) (respectively L{(x,y)) denote the leaf of LY (re-
spectively L)) through (z,y) € D x D. By definition, a Pesin box satisfies the
following:
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(1) For every x € K} and y € K, the leaf L%(0,y) intersects the leaf
L (2,0) in a unique point hy,(z,y) € K,. In this way, one obtains a
homeomorphism

ho: K x K — K,

where K, C N(Q,) denotes the intersection of the supports of £ and
LE.

(2) For v,-almost every (z,y) € Q, the leaf L% (x,y) (resp. LZ(z,y)) is
contained in WY(x,y) (resp. W5(z,y)).

By the theory of non-uniform hyperbolicity in our setting, in particular Lya-
punov charts and the local stable/unstable manifold theorem (see, for example,
Proposition 3.3 of [32] or Theorem 6.4 of [6]), for u”-almost every w there exists
a countable collection of Pesin boxes over w whose union has full v, ,-measure.
This holds in particular for our measure of maximal entropy m.

For ease of notation, let w be as above and let T := T.5. Let {(Qs, £5, L)},
be a collection of Pesin boxes over w such that U;Q; has full m,,-measure. Further-
more, take the stable (resp. unstable) Pesin laminations in this collection pairwise
disjoint. We now outline an argument that m,, has local product structure in
the @Q;, meaning that m,, is a countable sum of product measures on the @);’s.
The key inputs are the ideas of laminar currents and geometric intersections (see
(1], [13], and [14]).

In [8], Cantat and Dujardin use their Ahlfors-Nevanlinna characterizations of
T combined with Lemma 8.8 to prove that T'F are so-called strongly approzimable
currents. To us, this means we may choose sequences of uniformly laminar currents
T, T, such that,as r = 0, ;v 2TY T~ 2T and T, AT, 2 THANT™.

Let 7 € N. For r small, (T,;F AT7)(Q;) > 0. Now E;/u are closed laminations
on N(Q;); the analytic continuation theorem of Dujardin (see Theorem 1.1 of
[13]) gives that the restrictions of T)" to Lf (resp. T, to LY) are uniformly
laminar, although a priori they may be zero.

By the argument in Appendix A of [13], the restriction (7,7 AT~

T
convergence result f'(¢C)/A" — T Ix (TJZIr ANYC).
Taking r — 0, we have

o,
s AT, 7?‘ Lo Here, Proposition 3.1 may be used as input in place of the

T

£ /\T[\Eiu STt

AT e and  (TEATO)|o A(TTATT)|g,
Thus

(T* AT*)]Qi =T

LS /\Ti‘ﬁf‘

Now each T+

on N(Q;) and hence is locally a product measure in the coordinates of the Pesin
box. Hence T AT~ is a countable sum of local product measures; it has local
product structure.

Next we outline a proof that Pesin boxes provide a complete family of flow
boxes for T+, meaning that there exists a collection {(Qy, L}, L}')},.y of Pesin
boxes over w (possibly different from the collection before), again having pairwise

s NT~ ‘ ru is a geometric intersection of uniformly laminar currents
i 7
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disjoint stable laminations, such that

(C.2) TH =Y "T"

cs

Similarly, there exists a countable collection of disjoint unstable Pesin laminations
such that
T- =Y T o
J

The following lemma is our analog of Lemma 8.5 and Corollary 8.7 of [1], and
the proof follows the same lines.

Lemma C.3. Let A C Q x X denote the Pesin-reqular set for m, meaning the set
of points for which the local stable manifold theorem holds. Let A, = AN({w} x X)
and

A} = U Wi(x), A = U W5(x).
€A €A

Almost surely, the trace measure | T.F|| (resp. [T, ||) gives full mass to AS (resp.
AY).

Proof of C.3. Indeed, let (Q;, L, L) be as above so that

TEAT™ =3 (TF] 0 AT )
%
Now
(ZT‘|M> <7~ and (ZW ﬁ> <7t
. J - 2
J 7
yield
T A (ZT\L}J STATT =3 (T AT ) T A <ZT\L;>
J ¢ J
and hence
T+/\<ZT|£;> =TT AT
J
Let

5™ = <;T\£?>.

Suppose ¢ : X — R>¢ is smooth and supported away from supp(0S~). Then,
since Tt AT~ =T% A S, it follows from Proposition 3.1 that there exists (1)
with positive upper-density for which

(C.4)

(/ Yd(TF /\Tw)> T k)
X oW
o </ T;_ﬁk(w) A To-_ﬁk(w)> lj((fgk)*T:)(ff}Lk)*(wS_) 0
X
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Picking ¢ such that ( [y ¢ d(T;f AT )) > 0, which may be done after possibly
adjusting the stable Pesin laminations, we obtain

Now the set of w for which ||T) || gives zero mass to (A!)¢ is o-invariant and
thus, by ergodicity, has full or null measure. Suppose the latter. Since (7y) has
positive upper-density, one can use the ergodic theorem and a Lusin argument to
show there exists € > 0 such that

‘ T

infinitely often, a contradiction. O

T H (A, 0)) = 0.

o™k (w)

(@) > <

nk(w

Pesin boxes exist over puZ-almost every w. In fact, Pesin theory allows us to
pick a puZ-measurable family of such boxes, in local Pesin charts, over a positive-
measure set of basepoints. Denote such a family by C = {(Quw, LS, L%)}

Since the family {£?}

SIS
is p”-measurable, the set

= |J {w} x £

w€eNo

w€eNo

is an m-measurable subset of {2 x X. By the ergodic theorem and taking Lusin sets
on which the stable Pesin laminations have controlled size, we have U,enF~"(C*)
covers A®. Notice that the F-image of a Pesin box over w is a Pesin box over
o(w). Hence, for almost every w, there exists a countable collection of Pesin
boxes over w such that A is covered by the union of their stable laminations.
After refining the boxes, we obtain (C.2).

D. QUESTIONS OF RIGIDITY

A natural question raised by this work is when, if ever, the measure m arises
from a stationary measure v on X (in the sense of [24], [31]). One checks that
this occurs if and only if

W4 — / M(w_ wy) d:uN(w—)

is almost surely equal to v. In the case that X is a K3 surface, by work of Roda
(see [33]) every hyperbolic stationary measure is invariant. Thus v as above would
be invariant and equal to m,, almost surely.

The measure m arises from a stationary measure in at least one case, namely
when (X,T",) is what we call a simultaneous Kummer example. Up to birational
modification, a Kummer example is a pair (X, f) in which X is a complex torus
and f lifts to an affine transformation of the universal cover (see Definition 1.3
of [9]). Given a subgroup I' C Aut(X), we call the pair (X,I") a simultaneous
Kummer ezample if (X, f) is a Kummer example for each f € I and 7,¢ as in
Definition 1.3 of [9] can be chosen independently of f. It is enough to check this
condition on a generating set for I'.

For every Kummer example, the image of the Haar measure from the torus
provides a nonzero Aut(X)-invariant measure on X which is absolutely continuous
with respect to volume. We call this normalized measure Leb. If (X,T,) is a
simultaneous Kummer example, m,, = Leb almost surely, and m = p? @ Leb.
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Hence, m is induced by Leb when Leb is viewed as a stationary measure on X.
In fact, this is stronger since Leb is actually invariant.

Question D.1. If m arises from a stationary measure on X, is (X,T',) a
simultaneous Kummer example?

In the spirit of Cantat-Dupont (see [9]) and Filip-Tosatti (see [16]), we have the

following weaker question, which already seems approachable using the techniques
of Cantat—Dupont.

Question D.2. Suppose m arises from a stationary measure v on X and v is in
the Lebesgue class. Is (X,I',,) a simultaneous Kummer example?

10.

11.

12.

13.

14.
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